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1. Introduction

Risk and uncertainty are a common feature of macroeconomic business cycle and growth
models. Traditionally, the literature highlights the role of risk in households’ decision-
making. Recently, the focus shifted to investment decision making of firms under uncer-
tainty.
In the firm sector, uncertainty generates ’real’ option values in investment decisions

when irreversibility of investment costs is introduced. Higher volatility raises the op-
portunity cost of investing, since firms lose these option values when deciding to invest
(Dixit (1992)). The seminal paper of Bloom (2009) introduces this approach in a par-
tial equilibrium model to show the consequences of exogenous shocks to volatility for
aggregate investment and business cycles. He shows how shocks to volatility can lead to
aggregate fluctuations in investment. Facing higher volatility, firms reduce investment
in the short run. With the shock fading out, investment overshoots because of pent-up
demand.
Since the paper of Bloom (2009), it is common to model shocks to uncertainty as

a mean preserving increase of the standard deviation of a geometric Brownian motion.
The approach has been adopted in general equilibrium models such as Basu and Bundick
(2017) or Bloom et al. (2018) and is used as a building block in models of Bayesian social
learning like Fajgelbaum et al. (2017). Moreover, it started a debate about uncertainty
shocks within the framework of general equilibrium models (Bachmann and Bayer (2013),
Born and Pfeifer (2014), Christiano et al. (2014), Gilchrist et al. (2014)) and inspired
empirical research to look at uncertainty as a potential cause of recessions (e.g. Stock
and Watson (2012), Baker et al. (2013), ?, Bachmann et al. (2013)).

While many papers have focused on business cycle effects of shocks to uncertainty,
research on growth effects of volatility shocks in the spirit of Bloom (2009) does not
exist to the best of our knowledge. Jamet (2004) Aghion et al. (2005), and Dihle (2018)
find that volatility can enhance growth in a model with increasing returns to scale.
Whereas Aghion et al. (2005) highlight the role of credit constrains, Jamet (2004) and
Dihle (2018) focus on the effects of imperfect competition. Unfortunately, all three
contributions concentrate on long-run equilibrium effects. They do not consider growth
implications of shocks to uncertainty nor do they provide a full dynamic model.
In this paper, we try to fill this gap. To do so, we use a small-scale growth model with a

micro-founded firm sector operating under uncertainty as proposed in Jamet (2004) and
Dihle (2018). We then show how saving behavior on the part of households translates
fluctuations in growth to cyclical movements in consumption and investment. In the
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fashion of Bloom (2009), uncertainty is incorporated as the volatility of a geometric
Brownian motion on the level of the individual firm. Different from real option based
models, we do not incorporate irreversibility of once invested capital.
An attractive feature of our analysis is that we obtain deterministic expressions that

characterize agents’ optimality. This allows us to close the model using a simple notion
of household’s saving behavior, well known from the Ramsey-Cass-Koopmans model.
The model is solved by employing the relaxation algorithm proposed in Trimborn et al.
(2008). The solution is global and is perfectly suited to construct impulse responses and
to conduct simulations. In our simulations, we concentrate on unanticipated shocks to
volatility.
In a chronological order, our results are the following: Firstly, there exists a Ramsey-

Cass-Koopmans representation of an imperfectly competitive firm sector acting under
uncertainty. Secondly, microeconomic uncertainty affects aggregate growth. The gen-
eral sign of the volatility-growth-link can be ambiguous, depending on the degree of
imperfect competition. Increased heterogeneity in business conditions plays out to favor
winners in monopolistically competitive markets leading to a structural decline in overall
production.
Thirdly, our simulations of unexpected shocks to volatility show that temporary shocks

have business cycle effects even without irreversibility or adjustment costs. Under the
baseline calibration, consumption activity first drops, then overshoots before returning
to the balanced growth path. Lastly, conservative parametrizations imply non-negligible
fluctuations in aggregate variables. Our welfare analysis shows that households could be
willing to sacrifice up to 1% of their consumption to avoid the consequences of a shock.
The resilience of the economy to uncertainty shocks is more sensitive to the capital
elasticity than to the changes in imperfect competition. However, there is an important
cliff effect that switches the sign of the volatility-growth link. We attribute this to the
Martingale-fairness of the production process.
The major contribution of the paper at hand is to show how idiosyncratic uncer-

tainty influences growth. We see our results as complentary to results of the real option
based approach of Bloom (2009). The analysis shows that real business cycle (RBC)
and dynamic stochastic general equilibrium (DSGE) models are potentially missing an
additional effect of uncertainty by concentrating on risk in aggregate productivity only.
This volatility-growth link potentially amplifies the effect of shocks to volatility found
in previous contributions. We also stress the role of imperfect competition in shaping
the effects of shocks to volatility in business cycle models, confirming Basu and Bundick
(2017) or Leduc and Liu (2015).
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The paper is organized as follows: In section 2, we develop the basic growth model with
imperfect competition. Then we characterize and analyze the equilibrium in section 3.
In section 4, we demonstrate how the model is solved and calibrated. Section 5 presents
a quantitative assessment. Section 6 discusses the results against the background of the
current scientific debate. Section 7 concludes.

2. A Growth Model with Uncertainty and Imperfect Competition

To show the effects of volatility on growth we set up a small-scale growth model with
a microfounded firm sector acting under monopolistic competition in the spirit of Dixit
and Pindyck (1994), Jamet (2004) and Dihle (2018).
The model in continuous time comprises an infinitely living representative household,

an intermediate and a final goods sector. All variables are defined in per-capita terms, i.e.
the model abstracts from effects in population growth and frictions in labor markets. The
final good can be used to consume or to build up capital. A multitude of heterogeneous
intermediate goods is produced in the intermediate good sector. Since we are interested
in the effect of imperfect competition, monopolistic competition is explicitly modeled in
the intermediate good sector. To facilitate notation, we attach subscripts t to denote
variables that are functions of time.

2.1. Firms

The final good sector is Dixit-Stiglitz type. It consists of a single firm, which uses
intermediate goods to produce a homogeneous final good under perfect competition:

Yt =
[ n∑
i=1

q1−θ
it

]1/(1−θ)
, 0 < θ < 1, (1)

where qit denotes the production of the i − th firm at time t. θ is the inverse of the
elasticity of substitution between two different intermediate goods.
The firm in the final good sector purchases intermediate goods and optimizes produc-

tion according to

max
qit

YtPt −
n∑
i=1

Pitqit. (2)

Normalizing the price of the final good to unity, demand for intermediate good i takes
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the form

Pit = Y θ
t q
−θ
it . (3)

Within the intermediate goods sector a large number n of infinitely small firms are op-
erating under monopolistic competition. Individual output of the i− th firm is produced
by a combination of firm specific technology Ai and accumulated production factors Ki,
which will just be called capital. The production function takes the form

qit = AitK
α
it, (4)

where α denotes the production elasticity with respect to capital. The evolution of
technology is potentially uncertain, following a geometric Brownian motion:

dAis = µAisds+ σAisdzis, Ai0 = Ai , (5)

where Ai is the initial productivity of firm i at t = 0 and zit is a Wiener process or
Brownian motion. σ is the diffusion rate around the trend growth rate of Ai, which
equals µ.
Invested capital does not depreciate. Therefore, firms’ capital stock is changing according
to

dKit = Iitdt. (6)

The only cost of investment is the price of purchasing capital. Firms invest by ‘buying’
units of the final good at price Pt, which is normalized to one. As a result, once installed,
capital is fully used. Given the production function and the inverse demand function,
the revenue of the i− th firm is given by

Pitqit = A1−θ
it Y θ

t K
α(1−θ)
it . (7)

Taken together, an intermediate good producer maximizes the following investment prob-
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lem:

V (Kit, Ait, Yt) = max
Iis

Et

(
e−
∫ s
t
rτdτ [Π(Kit, Ait)− Iit]ds

)
(8)

s.t.


Πis = Pisqis − Iis = A1−θ

is Y θ
s K

α(1−θ)
is − Iis

dKis = Iisds

dAis = µAisds+ σAisdzis.

(9)

Note that for firm-specific investment, the problem is static. Decisions regarding the
capital stock do not depend on future realizations of the Wiener-process since firms are
risk-neutral and aggregate risk is absent. In section 3 we show that the latter is consistent
with our equilibrium. 1 We can characterize the firms optimum by Jorgensen’s condition,
i.e. we find an explicit expression for the optimal capital stock by equating the marginal
product of capital with its user cost:

rt = α(1− θ)A1−θ
it Y θ

t K
π
it (10)

where π = 1− α(1− θ) can be interpreted as the residual income share.

2.2. Household Sector

To close the model, we assume that demand for the final good can be represented by an
optimizing and representative household. The household’s utility depends positively on
consumption over time:

U(Ct) =
∫ ∞

0
u(Ct)e−ρtdt, (11)

where Ct is consumption in time period t and ρ represents the household’s time pref-
erence. u(·) is assumed to be a CRRA-function with the inverse of the elasticity of
substitution denoted by λ:

u(C) =


C1−λ

1−λ λ > 0, λ 6= 1

log(C) λ = 1.
(12)

1Arguably, if firms were risk-averse, they would demand insurance against risk in Ait. We like to think
of the exogenous component of risk as uninsured behavior of firms or as unverifiable to a third party.
We therefore assume that idiosyncratic risk in productivity is not insurable. It can be shown, however,
that only in the special case of complete markets for insurance the presented mechanism erodes.
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The households hold assets Xt which are paid at the risk free interest rate rt and receive
the residual income from firms’ activity Πt. Therefore, the household’s stock of assets
evolves according to

Ẋt = rtXt + Πt − Ct, (13)

associated with a no-Ponzi-game condition.
Absent aggregate uncertainty the household’s optimum can be expressed by the usual

Euler equation:

Ċt
Ct

= rt − ρ
λ

, (14)

associated with the transversality condition

lim
T→∞

{
XT exp

[
−
∫ T

0
rτdτ

]}
= 0. (15)

3. Equilibrium, Aggregation and Uncertainty

In this section, the equilibrium of the model is characterized. We show that the model
inherits its properties from the standard Ramsey-Cass-Koopmans model in absence of
aggregate risk. We then compare the evolution of technology in two environments. First,
the case without uncertainty is considered. Then, uncertainty is introduced.

3.1. Equilibrium

The definition of equilibrium is standard: (i) Any equilibrium has firms maximizing their
profits subject to their constraints and prices as well as the exogenous processes. (ii)
The household maximizes its lifetime utility and conforms prices as well as its budget
constraint. (iii) All markets clear in any period. The equilibrium of the economy is
then described by a law of motion for capital and technology, the optimal control for
consumption and investment as well as prices so that (i)-(iii) are satisfied.
The market clearing equilibrium requires that wealth Xt is fully invested into capital

Kt:

Xt = Kt, Ẋt = K̇t. (16)
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The final good market equilibrium is given by

Yt = Ct + It, with It =
n∑
i=1

Iit, (17)

where Iit denotes the investment of firm i at time t in terms of the final good. The aggre-
gate capital stock is simply the sum of intermediate firms’ capital stock since investment
is made in terms of final good units

Kt =
n∑
i=1

Kit. (18)

Combining eq. (1) with eq. (4) and using the optimality condition (10), rewritten for
Kit, we obtain a recursive formulation for output:

Yt =
[
α(1− θ)

rt
Y θ
t

]α/π ( n∑
i=1

A
(1−θ)/π
it

)1/(1−θ)

. (19)

Define Ãit ≡ A(1−θ)/π
it and let H(·) be the sum over all i. We specify a technology index

At ≡ H(Ãit)π/(1−α)(1−θ) to be effective technology. Output can be reduced from (19) to:

Yt =
[
α(1− θ)

rt

] α
1−α

At. (20)

By the same token, the relationship between interest rates and capital can be derived,
exploiting equation (18) on (10):

Kt =
[
α(1− θ)

rt

]1/π
Y
θ/π
t A

(1−α)(1−θ)
π

t . (21)

Inserting output from (20), aggregate capital or, equivalently, the real interest rate after
rearrangement is obtained:

rt = α(1− θ)
(
At
Kt

)1−α
. (22)

Note Yt can be rewritten by inserting the interest rate back into eq. (20), which implies
the familiar short form

Yt = A1−α
t Kα

t . (23)
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In every equilibrium, we require Euler equation and resource constraint to be satisfied:

Ċt
Ct

= rt − ρ
λ

,

Yt = Ct + It,

with boundary conditions pinning down the equilibrium. To make this a system in
(K,C)-space, insert rt from eq. (22) and use the identity It = K̇t:

Ċt
Ct

= α(1− θ)A1−α
t Kα−1

t − ρ
λ

K̇t = A1−α
t Kα

t − Ct.

Defining effective units to be denominated by the technology index and using the notation
of small letters for effective units (xt = Xt/At), the system of equilibrium conditions
reduces to familiar differential equations:

ċt
ct

= α(1− θ)kα−1
t − ρ− λg
λ

(24)

k̇t = kαt − ct − gkt, (25)

where g is the potentially time dependent growth rate of the index At. This shows that
the system inherits its dynamic properties from the Ramsey-Cass-Koopmans model.
Consequently, the transversality condition is satisfied along all paths where the utility
integral is bounded.
Note that the model requires a deterministic and stationary growth rate g for the house-
hold’s and firms’ optima. In other words, this formulation requires absence of aggregate
risk. The following analysis shows that the model is consistent under microeconomic
uncertainty despite growth effects of volatility.

3.2. Deterministic Productivity

As a point of reference we are interested in deterministic productivity, i.e. when σ = 0.
Under this assumption, H(Ãit) can be rewritten by inserting the solution to the process
in (10), Ait = Ai0 exp(µt):

H(Ãit) = H(Ãi0) exp
(
µ(1− θ)

π
t

)
,
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so that the technology index At ≡ H(Ãit)π/(1−α)(1−θ) follows

At = A0 exp
(

µ

1− αt
)
.

Hence, equilibrium aggregate capital and output are deterministic and evolve according
to

Kt = A0

[
α(1− θ)

rt

]1/(1−α)
exp

(
µ

1− αt
)
,

Yt = A1−α
0 Kα

t exp (µt) ,

so that the system (24)-(25) emanates with g = µ
1−α .

3.3. Idiosyncratic Risk in Productivity

Now we consider the case were σ > 0. To solve

H(Ãit) =
n∑
i=1

Ãit =
n∑
i=1

A
(1−θ)/π
it

analytically2, the process of Ãit has to be determined. Under Ito’s interpretation, the
stochastic differential equation for Ait describes the path

Ait = Ai0 exp
[(
µ− σ2

2

)
t+ σZit

]
, Zit =

∫ t

0
dzisds.

Hence, it follows

Ãit = Ãi0 exp
[
χ

(
µ− σ2

2

)
t+ χσZit

]
(26)

for individual effective technology, where χ = 1−θ
π .

In Appendix A it is shown that reformulations and application of the law of large num-
bers yields the linear technology composite Ãt = H(Ãit), which follows a deterministic
path:

Ãt = Ã0 exp (g̃t) , g̃ = χµ+
(
χ2 − χ

) σ2

2 . (27)

2We refer to a solution that expresses H(Ait) as a function of t and the initial aggregate technology
H(Ai0).
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The technology index At can therefore be computed as

At = A0 exp(gt), g = µ

1− α + (χ− 1)
2(1− α)σ

2 . (28)

From this it is becoming clear that there is an isolated and independent effect of volatility
on growth. The effect is deterministic and its sign hinges on coefficient χ. Using 1 −
α(1− θ) for π, it is easy to see that the sign of the volatility-growth-link is determined
by the values of α and θ. In technical terms, Ait is a fair Martingale, while Ãit in (26) is
not. Hence, we like to think of χ as the “fairness” of the production process, consistent
with its inverse relationship to the substitutability of goods θ.
χ captures two opposing forces that determine the effect of volatility on growth. On the

one hand, higher technology creates a demand externality through the substitutability
of intermediate goods. Therefore, the economy benefits disproportionately from higher
values of (firm-specific) technology. With higher volatility, higher values are reached
faster. On the other hand, monopolistic competition in the intermediate goods sector
leads to lower production of goods. Since firm sector heterogeneity rises permanently
under volatility, monopolistic competition leads to a systematic reduction of output.
This effect causes a negative growth effect that can dominate the growth enhancing
effect of the demand externality.
Since dispersion is an important force in the chosen framework, our mechanism points

towards the literature of heterogeneous agents. Krusell and Smith (1998) show in their
seminal contribution that the behavior of macroeconomic aggregates can be approxi-
mated by a small number of moments. They also show that the deviation from the
assumption of completely insurable idiosyncratic risk can produce skewness in wealth
and deviations from permanent income behavior. We take a different route to arrive at
a similar result for investment behavior: idiosyncratic risk in firms’ exogenous processes
may drive a wedge between ex-ante fair conditions and ex-post outcomes.

3.4. Balanced Growth Path

According to the standard definition, all variables have to grow at the same rate along
the balanced growth path. Following this definition, equation (23) establishes that all
variables grow at the same rate g. Under idiosyncratic risk, not only volatility itself
becomes a determinant of growth but also variables defining the curvature in aggregate
production such as the concavity in individual production and the substitutability of
goods. In particular, an improvement in the latter (i.e. decreasing θ) becomes a driving
force for growth. Ceteris paribus, a reduction in θ works to increases χ, which enhances
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Figure 1: Shifts of the demarcation curves (black) and the saddle paths (blue) including
volatility with χ < 1.

fairness of the production and competition process, reading θ as an inverse account of
competition or the complexity in value chains.
The effect of the production elasticity of capital α can be ambiguous. If the impact of
volatility on growth is negative, α is bound to affect growth positively. For the opposite
case, the impact of α depends on the relative size of the moments µ and σ. Figure
1 shows that the introduction of volatility shifts both demarcation curves in the RCK
model. Under the assumption that χ < 1 both the isocline of ċ = 0 and the locus of k̇ = 0
shift away from the origin.3 When volatility impedes growth, more effective capital is
needed to maintain a given standard of consumption for the household, consistent with
a lower long-run interest rate of capital:

r∗ = ρ+ λg , (29)

which is determined by both the household’s impatience and its taste for intertemporal
consumption smoothing.

3Note that the direction of the shift of the saddle paths is qualitatively not uniquely defined by graphical
analysis. The direction is determined by the strength of the shifts in both loci as well as by the slope
of the saddle paths. Figure 3 depicts the solution from the quantitative analysis provided in section 5.
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3.5. Income Shares and Growth Accounting

By construction, output has to capture all sources of income in a general equilibrium
where equations (13) and (16)-(18) hold:

Yt = rtKt + Πt (30)

Combining previous results (eq. (21) and (23)) the residual income share is given by

Πt = A1−α
t Kα

t − α(1− θ)A1−α
t Kα

t = πYt, (31)

which shows that the income share Πt/Yt is constant and equals 1− α(1− θ). Without
having modeled labor supply in the model explicitly, we like to interpret α(1− θ) as the
“pure” capital income share that prevails in presence of monopolistic competition.

4. Solution Method and Parametrization

In this section, we simulate the model and explain how an uncertainty shock in the
sense of Bloom (2009) affects the economy. After describing the numerical method, we
perform a shock to firm-specific volatility and quantify the impact on welfare. We also
check the sensitivity of welfare to the two main parameters of the model.

4.1. Numerical Method

The Ramsey-Cass-Koopmans model above does not have a closed-form analytical solu-
tion.4 Therefore we use numerical methods to solve for the saddle paths of the model
and to conduct exact quantitative analysis. A solution to the model is a unique value of
the optimal control c as a function of the state variables and the parameters. The saddle
path of the Ramsey-Cass-Koopmans model is the equivalent to the policy-function in
discrete time models.

We employ the relaxation algortihm from Trimborn et al. (2008). The method is capa-
ble of returning a global solution of the model at arbitrary levels of accuracy and allows
efficient computation of saddle-path-stable and stiff systems of differential equations,
like the one we derived above. To obtain the values of the optimal control for different
combinations of the parameters and shocks simulated below, the saddle paths have been
computed for a grid of the varied parameters and the exogenous variables.

4In the special case of a constant savings rate, an analytical solution can be obtained, as shown by
Barro and Sala-i Martin (1995). In Appendix C we show how a log-linearized version of the model
can be solved analytically.
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Table 1: Parametrization*

Definition Notation Baseline Alternative

Time preference rate ρ 0.02 0.02

Inv. elasticity of intertemporal subsitution λ 2 2

Capital elasticity α 0.33 0.42

Inv. elasticity of demand θ 0.3 0.25

Drift rate of technology µ 0.0141 0.0110

Volatility of technology σ 0.1233 0.1106

Coefficient of fairness χ 0.9103 1.0949

Growth rate along BGP g 0.02 0.02

Pure capital income share α(1− θ) 0.231 0.315

*Rates are on yearly basis.

4.2. Parametrization and Calibration

The model is parsimonious in the amount of parameters to be calibrated. We use two
different parametrizations to account for both situations, positive and negative effects of
uncertainty. Particularly, this aims to detect whether there are significant quantitative
differences in the amplitude of the responses due to shocks of similar size.
Table 1 lists the parameter values chosen for both the baseline and the alternative

calibration. In both calibrations, the preference parameters ρ and λ are set to identical,
standard values. In particular, the discount rate ρ is set to a value of 0.02, consistent with
a required risk free rate of 2%. The inverse of the intertemporal elasticity of substitution
λ is fixed at 2 to give households a reasonable but conservative taste for consumption
smoothing.
The choice of technological parameters is driven by data. In the baseline parametriza-

tion, we pick values that are common in the literature. In particular, θ is set to 0.25,
which is around a choice that can be found in growth and uncertainty literature and
samples of the DSGE-literature.5 The production elasticity of capital α is set to the
value of 0.33 so that it matches a (pure) capital income share of 31.5% and a χ coeffi-
cient of roughly 0.91, where the latter gives some leeway to our main mechanism. In the

5See e.g. Bloom (2009).
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Figure 2: Calibration in parameter space α and θ.

alternative parametrization, the picked values are more consistent with an exhaustion of
income by the production factor K and the overall curvature in production. In particu-
lar, we pick α = 0.42 and θ = 0.25 so that the income share of accumulated production
factors is significantly larger. These parameters match a χ coefficient of roughly 1.095,
so that the solution can illustrate positive growth effects of volatility.
A crucial part of the parametrization exercise is to calibrate µ and σ. We proceed by

fixing a weight ω that characterizes the absolute fraction of growth that is determined
by drift, i.e. µ/(1 − α). Hence, σ is responsible for 1 − ω of the variation in long-run
growth, independent of the sign of its effect. By picking a cautious value of 0.95 for ω,
values around 1.4% and 1.1% are obtained for the drift rate µ under the baseline and
the alternative calibration, respectively. For firm specific volatility we obtain values of
roughly 12% and 11%, respectively. It is important to note that the numbers for firm
specific volatility are small compared to stock market volatility and other measures of
exogenous risk that firms can be subject to (Bachmann et al. 2013).
We specify the shock as σ̇t = exp(−φt)[σ̄ − σt], where σ̄ corresponds to calibrated

volatility. We assume that volatility shoots up strongly in both calibrations. In par-
ticular, we assume that σ doubles and thereby hits roughly 25% (baseline) and 22%
(alternative). This shock still represents a benign upshot in volatility compared to an
average fluctuation in stock market volatility (cf. Bloom (2009), p. 624). It is important
to note that the our calibration strategy implies that the relative shock sizes are compa-
rable under the baseline and the alternative, so that the quantitative results below are
not driven by this difference.
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Figure 3: Paths of adjustment back to the steady state in (k, c)-space. φ represents the
persistence of the shock. The black vertical line depicts the ċ = 0 locus consis-
tent with the steady state. The black horizontal lines are demarcation curves
for the initial k̇ = 0 locus and the locus for the shock at its maximum. The up-
per and lower blue lines represent the corresponding saddle-path trajectories.

Overall, our calibration is conservative in the choices of structural parameters. This
can also be seen in figure 2, where we highlight that the calibration is not particularly
relying on huge deviations from χ = 1.

5. Results

In this section, we simulate the model and present impulse responses to a shock to
firm specific volatility σ. We also compute a welfare measure and conduct a sensitivity
analysis at the end of this section. We assume that the shock is unanticipated so that
households do not expect uncertainty shocks to occur on a regular basis. This assumption
maintains tractability of the model and is intentionally made in the spirit of uncertainty
in a Knightian sense (Knight (1921)).6

6If shocks to volatility are regular events that are anticipated by households, they will save precaution-
arily to build up additional capital. In a model of aggregate risk, households will do so to diminish
fluctuations because households are risk averse and dislike negative shocks more than they like positive
shocks of the same size. However, a buffer in capital that absorbs part of a shock still comes at some
cost, which is comparable to the cost associated with a certain amount of fluctuation. Caldara et al.
(2012) provide a quantitative assessment of anticipated volatility of shocks in a setting with discrete
time and recursive preferences.
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Figure 4: Impulse response functions for shock to volatility under the baseline. One
period corresponds to one year. Top panel: modeled shock and response of
growth rate g, absolute percentage scale. Others: percentage deviations of
aggregate capital, consumption, investment and output, all in effective units.

Figures 3 and 4 illustrate the impulse responses to a shock of this size for the baseline
calibration7. Figure 3 shows how this shock is incorporated by the economy according
to the phase diagram. When volatility rises, the growth rate increases in the baseline so
that a smaller effective capital stock would be reached in the steady state. For reaching
this steady state, the new saddle path is pursued (upper blue line) and consumption
jumps on impact.
In contrast to a classical productivity shock in the RBC model, the household expe-

riences a boom-bust cycle that is dominant in substitution effects. Breaking down the
effects on the single variables as depicted in the graphs in figure 4, we highlight three
properties. First, a hump-shaped response of key endogenous quantities. A shock to
volatility translates into business-cycle like fluctuations via the household’s behavior. It
is worth pointing out that in contrast to the RBC model, the model at hand produces
these hump-shaped responses because of a second-moment shock to volatility.
Second, there is internal inertia in the model, which can be inferred from the case

of a perfectly temporary shock (φ = 0). In the case of more persistent movements in

7Under the alternative calibration, the impulse responses are qualitatively equivalent inversions of the
presented impulse responses.
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Table 2: Initial reaction of main variables in %

Variable
Baseline Alternative

φ = 0 φ = 0.9 φ = 0 φ = 0.9

Average growth rate -0.30 0.30

Consumption -1.53 1.48

Investment 18.35 -12.62

Output* 0.22 0.21 -0.23 -0.21

Capital* 0.67 0.64 -0.55 -0.52

Total welfare cost 0.06 0.46 -0.06 -0.60

Notes Reactions are computed as immediate deviations from the
respective steady state levels. For variables marked with an asterisk
(*), the deviations after/within one year are reported. In Appendix
B, we describe explicitly how the welfare measure is computed.

volatility (φ = 0.9), the shock vanishes after roughly 40 periods while consumption and
capital keep on to differ significantly from their steady state values. This is a demand
side effect that has to follow the strong initial jump in consumption.
Third, the quantitative aspect of the impulse responses is surprising, given the conser-

vative calibration strategy and regarding the fact that the shock is in the second moment
of idiosyncratic risk. Table 2 provides a quantitative assessment of the initial responses
from the shock to volatility.8 In qualitative terms, the responses are just inverses of the
baseline for the alternative calibration. Quantitatively, just the response in investment
depicts a significant difference between baseline and alternative. This can be attributed
to the different steady states for the effective capital stock: the steady state capital
stocks under the baseline is smaller, so that the impact of consumption triggers a larger
movement in the relative deviation of investment from its steady state.9

Finally, we would like to point to relative deviations of investment, capital and con-
sumption. In line with findings of the real-business cycle literature, investment reacts
strongly while deviations in output and capital show sluggish co-movement. After the
initial jump, investment, consumption and capital move strongly pro-cyclical. Under

8In Appendix D we provide a more complete quantitative picture of the shock.
9Notably, the comparable responses in consumption verify the robustness of our analysis. In particular,
the assumption of unanticipated shocks is seemingly not too strong, since the significant capital buffer
does not prevent the household from going through the cycle.
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Figure 5: Welfare cost of a volatility shock in (α,θ) space. Appendix B describes how
the welfare cost is computed.

our baseline calibration the economy experiences a boom on the cost of an initial back-
drop in consumption. Albeit the loss in consumption is more than compensated when
investments can be harvested, consumers would still be willing to avoid this event, since
consumption stays below the steady state level for a certain amount of time. In our base-
line, households would sacrifice up to 0.46% (0.06%) of their steady state consumption
to avoid the fluctuations in their consumption in the case of a persistent (transitory)
upshot in volatility. This result emerges since households dislike fluctuations in their
consumption path and value the initial effect more than the overcompensation in the
distant future.
In figure 5 the welfare effects are plotted against the parameter space of α and θ. We

observe that for the numerically stable range of values, households carry cost that range
between 0-1% of steady state consumption. Our results are therefore ranging among the
estimates known from Lucas (1987) or Otrok (2001).
As expected, there is a cliff in the expanse of welfare around the value of χ = 1. Since

the effect of volatility shocks on growth turns positive when α or θ drive χ above 1,
the shock to volatility also becomes welfare-improving. Figure 5 reveals that welfare
effects of a shock are c.p. almost flat in the dimension of θ, when abstracting from the
cliff at χ = 1 — where the regime of uncertainty becomes Schumpeterian. Moreover,
the cliff becomes larger for higher values of α. Thus, the economy is more vulnerable
to shocks in uncertainty when demand externalities are important, whereas the effects
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from competition are less pronounced.

6. Discussion

In this section, we discuss our results. Specifically, we clarify the prospect of our findings
with respect to models of growth and business cycles. We also illuminate the role of the
stochastic process in bringing about an effect of uncertainty.

6.1. Classification and Evaluation

The analysis highlights the fact that RBC and DSGE models are potentially missing
an important effect of volatility shocks by concentrating on level effects only. Volatil-
ity shocks have growth implications and thereby cause additional cyclical effects and
are independent of irreversibility. That may come as a surprise to the recent uncer-
tainty business cycle debate, which relies on assuming at least partial irreversibility in
investment costs.
The results presented above are best read as suggesting an additional channel through

which changes in volatility can affect the allocation of capital and the choice of con-
sumption via an effect on growth. Other routes through which uncertainty will have an
impact on aggregate outcomes are thereby neither excluded nor neglected.
As shown in section 5, avoiding an upshot in volatility can be worth as much as

0.46% of long-run consumption to the household. A major shock to volatility will cause
nontrivial welfare effects. Clearly, the effects in our model are not strong enough to
explain observed business cycle movements. However, taking lower values for the rela-
tive contribution of the volatility term in our growth equation (ω) changes this picture
somewhat.
The sensitivity analysis we carried out for ω in figure 6 is suggestive for the quanti-

tative importance of the contribution. It is apparent that the potential welfare loss of
uncertainty in growth is limited under the conservative value of ω = 0.95, but becomes
non-negligible by macroeconomic standards. If firm-specific volatility becomes a driving
determinant of growth, the welfare cost can easily exceed 4% (ω < 0.55) of steady state
consumption according to the baseline. The findings of Bloom (2009) have been criti-
cized for being quantitatively to weak to explain business cycle movements (Bachmann
et al. (2013), Born and Pfeifer (2014)). Consequently, general equilibrium models high-
lighting the effect of uncertainty mostly include first-moment shocks (Fajgelbaum et al.
(2017), Gourio (2012), Johannsen (2014))10 or additional rigities (Basu and Bundick

10Gourio (2012) introduces a shock to the capital stock. Also Johannsen (2014) introduces a decline in
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Figure 6: Sensitivity analysis for a shock to volatility, baseline and alternative calibra-
tion. Appendix B describes how the welfare cost is computed.

(2017), Leduc and Liu (2015)). Considering growth effects will amplify the volatility
effects in their frameworks.
As our model shows, the countercyclical effects are most pronounced when forces in

monopolistic competition are strong. Strong monopolistic power will turn the volatil-
ity effect on growth negative. This result resembles an important finding of general
equilibrium models. Basu and Bundick (2017) and Leduc and Liu (2015) find that the
countercyclical movement in firms’ markups cause a decline in output after a shock to
uncertainty. Analogously, we find that rising monopolistic competition does play a key
role in shaping the effect of volatility on growth. In times of crisis when uncertainty is
high, higher volatility serves as a multiplier and enhances the (temporary) negative effect
on growth.11 The combined effect of a volatility-markup-shock could provide additional
explanatory power. We leave this for open for future debate.
It is worth pointing out that the general framework we picked allows for deterministic

expressions of aggregate dynamics. In Appendix C we describe how a log-linear analytical
solution can be obtained for the model above using simple approximation rules. Since
the effects are in a region close to the steady state, the use of this approximation can
be justified. Figure 3 illustrates that the saddle paths are close to linear in the relevant
domain.

the marginal efficiency of investment as an additional first-moment shock.
11As Basu and Bundick (2017) show, uncertainty also serves as an amplifier of first-moment shocks.
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6.2. Assumptions on Stochastic Processes

In our model, exogenous developments are firm-specific but completely uncorrelated be-
tween firms. Clearly, this strong assumption does not permit to use the model to explain
crises where firms experience simultaneous shocks. However, the goal of the present work
is to study the growth implications of idiosyncratic risk on aggregate outcomes.
Nevertheless, assuming correlation in the geometric Brownian motion of the firms

will reduce the effect of imperfect competition in the growth equation. With a perfect
correlated evolution, θ will vanish from the growth equation (Dihle (2018)) so that
only the “pure” production externality in α survives. Since homogeneous shocks do
not change heterogeneity in the firm sector, there is no structural decline in overall
production caused by imperfect competition. It also has to be pointed out that with
correlated shocks, risk appears on the aggregate level. A representative household will
therefore face uncertainty which is not compatible with deterministic optimal control on
the household’s part.
The result that growth rises with macroeconomic volatility seems to be counterintu-

itive. Technically, this effect follows from the assumption of an uncertainty shock being
a mean preserving rise in the standard deviation of the Brownian motion like in Bloom
(2009). An assumption which is questionable when characterising the consequences of
an upshot in uncertainty after a crisis event.12

One comment regarding the exogenous nature of technology is in order: the interpre-
tation of productivity as general conditions that describe firm specific business13 begs
the question of their origin in a general equilibrium framework. When firms see their
individual productivity risks as interconnected, i.e. being a subset of more aggregate
developments, their individual exposure to risk is inherited. Clearly, we ruled out an
aggregate pattern of uncertainty, which does not per se exclude that a subset of the
economy experiences this risk. The assumption is also primary a technical limitation
that we imposed to distinctively study idiosyncratic risk. Giving consumers a larger
role in this model by modeling the evolution of their tastes could shift the explanatory
power from technology to preferences. We acknowledge that our model does therefore
not discriminate between theories of the business cycle.

12Hatzius et al. (2012) suspects that higher uncertainty is just a proxy for negative first-moment shocks.
In fact, as we have discussed above, general equilibrium models incorporating volatility mostly have
to add first-moment shocks to match observed investment pattern. Furthermore, Dihle and Mentges
(2018) show that for the Euro crisis the aggregate investment pattern after the impact has more
similarity with a negative Poisson risk shock than a mean preserving shock to the standard deviation.

13Reading exogenous forces as business conditions has become standard, as e.g. in Bloom (2009), (Bloom
et al. 2018).
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It should be stressed that the presented results do not hinge on the assumption of
a geometric Brownian motion but are a fairly general conjecture from stochastic dif-
ferential calculus. It is natural and has become more popular to augment a model of
continuous time by stochastic differential equations to include risk, on the aggregate or
the individual level. These processes have been particularly successful in modelling asset
pricing (Black and Scholes (1973), Merton (1973)) or the term structure of interest rates
(Vasicek (1977), Cox et al. (2005)) and have been helpful in conforming the correspond-
ing empirical evidence.
In the context of growth, the choice of a stochastic differential equation that involves a
geometric upward trend is straightforward. In the class of models that feature exogenous
uncertainty, there are other candidates for the choice of stochastic differential equations.
Poisson processes or mean reverting processes like the Ornstein-Uhlenbeck could be con-
sidered evenly as relevant, just as their counterparts in discrete time models.14 The
stochastic differential equation of the an Ornstein-Uhlenbeck process would be given by

dAis = φ(µ−Ais)ds+ σAisdzis, Ai0 = Ai , (32)

and has a closed-form solution obeying

Ais = Ai0 exp(−φt) + µ(1− exp(−φt)) +
∫ s

0
σ exp(−φ(t− s))dZit (33)

where the volatility is not going to “wash out” under the assumed curvatures of the model
above. As for the geometric Brownian motion, the curvature that is super-imposed on
Ais can bring about non-homogeneous effects that do not only depend on the drift
component. Stochastic differential equations share this property with the geometric
Brownian motion (also when they do not necessarily exhibit closed form solutions) as a
result of the quadratic variation15.
Therefore, the results of our model are more general in nature. Technically, fluctua-

tions have an influence on growth, since Ito’s calculus adds a second order term into the
(expected) function for output. The effect on growth then depends on the Martingale
property, which is defined by the curvature of the function of aggregate output.

14In fact, these processes are used in the real option literature (see e.g. Dixit and Pindyck (1994),
Alvarez (2011)) as well as in general equilibrium models (cf. Gourio (2012), Johannsen (2014)).

15For an extensive discussion, see Williams (1991).
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7. Conclusion

This paper focuses on the role of uncertainty, introduced as the volatility of a Brownian
motion in a simple growth model. This stochastic set-up lies at the heart of the growing
discussion of uncertainty effects on business cycles and investment series.
By introducing stochastic calculus into a growth model, we square results from endoge-

nous growth theory with a computable approach. The obtained model has a canonical
effect of volatility and shows that Ito’s calculus provides a gateway for volatility to
matter.
Our model shows that within a growth perspective, volatility does have both growth

and business cycle consequences even without assuming irreversibility. The general Mar-
tingale property of stochastic differential equations implies that growth and business cy-
cle fluctuations have to be jointly analyzed when volatility effects are considered. This
insight is not limited to geometric Brownian motions.
In our paper, we highlighted the effect of imperfect competition diminishing the growth

effect of volatility. However, other factors shaping the Martingale fairness of uncertain
variables such as technology can have similar effects. This technical statement has
important consequences for macroeconomic policy, since institutional conditions impose
curvature on idiosyncratic risk and thereby bear growth effects. Curvature could be
structural and is imposed by imperfect competition in our framework but could also
originate in frictions like credit constraints, as in Aghion et al. (2005). The gateway for
macroeconomic policy is therefore to control exposure of atomic agents to idiosyncratic
risk. On the one hand, working on the curvature by strengthening competition or lifting
credit constrains will c.p. enhance the growth effect for given volatility and can be a
two-edged sword. On the other hand, policy makers should have a close look at market
structures before exposing the economy to higher volatility, e.g. by opening up the
economy to free trade. Since volatility declines in the development process (Calderon
(2010)), policy and institutions are crucial in early stages of development.
In general, our insights also put doubt on the dichotomy of business cycle and growth

analysis when addressing the consequences of volatility shocks. Refraining (Ramey and
Ramey 1995), we challenge the dichotomy theoretically and do so by using a bottom-up
approach: idiosyncratic volatility drives growth and thereby also the business cycle. We
conclude that the dichotomy puzzle and the interdependence between growth, business
cycles and volatility is not resolved and should remain on the scientific agenda.
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Appendix A Deterministic Path of Technology

In particular, expand the expression inside the exponential by χσ2

2 t:

Ãit = Ãi0 exp
[
χ

(
µ− σ2

2

)
t+ χ2σ2

2 t− χ2σ2

2 t+ χσZit

]

= Ãi0 exp
[
χµt− χ2σ2

2 t+ (χ2 − χ)σ
2

2 t+ χσZit

]

= Ãi0 exp
[(
χµ− χ2σ2

2

)
t+ χσZit

]
exp

[
(χ2 − χ)σ

2

2 t
]

The first exponential is the particular solution to a geometric Brownian motion with drift
µ̂ = χµ and volatility σ̂ = χσ, which is a fair Martingale. The second term captures
the “unfairness” of monopolistic competition in presence of concavity in the production
function and can only be neglected for χ = 0, i.e. α = θ

1−θ .
We state the last conjecture as

Ãit = Sit exp
[
(χ2 − χ)σ

2

2 t
]

where Sit is a geometric Brownian motion. The expected value of Ãit can therefore be
decomposed into the effect of the drift rate and of unfairness in competition.
The law of large numbers (see e.g. Øksendal (2003)) implies that the sum over all i
equals the expected value of Ãit, i.e. we find

Ãt = Ã0 exp
[
χµt+ (χ2 − χ)σ

2

2 t
]

which is the obtained result for the linear composite.

Appendix B Approximation of Welfare Cost

To deduce the welfare cost a path c(t) to the household we exploit the following first-
order Taylor approximation to the utility of the household in the steady state:

TU(x; css) = U(css) + U ′(css)(x− css)

where

U(css) =
∫ ∞

0
exp(−ρt)u(css)dt = u(css)

ρ
,

U ′(css) = u′(css)
ρ
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and define the deviation x in proportion to the steady state value of consumption as
x ≡ (1 − τ)css. We can then compute the welfare cost of the path c̃ = {ct}∞t=0 as the
consumption-equivalent fraction τ of steady state consumption css by solving

U(ct) = U(css)− τU ′(css)css

for τ . The CRRA-case above implies

τ = ρ[U(css)− U(c̃)]
c1−λ
ss

Appendix C Log-linearization and Closed-form Solution

Defining yt = log ct and xt = log kt, we can rewrite the system (24),(25) after reformu-
lations as:

ẏt = α(1− θ) exp (−[1− α]xt)− ρ− λg
λ

ẋt = exp (−[1− α]xt)− exp(yt − xt)− g

so that the first order approximation around the steady state (y∗, x∗) obtains

ẏt ≈ −
α(1− α)(1− θ)

λ
exp (−[1− α]x∗) [xt − x∗] ,

ẋt ≈ [−(1− α) exp (−[1− α]x∗) + exp(y∗ − x∗)] [xt − x∗]− exp(y∗ − x∗)(yt − y∗).

Inserting the constants exp(−(1 − α)x∗) = ρ+λg
α(1−θ) and exp(y∗ − x∗) =

(
ρ+λg
α(1−θ)

)1−α
− g

from the steady state values x∗ and y∗ yields

ẏt ≈ −β(1− α)[xt − x∗]

ẋt ≈ −
(
g + (1− α)γ − γ1−α

)
[xt − x∗]−

(
γ1−α − g

)
[yt − y∗]

where β = ρ+λg
λ and γ = ρ+λg

α(1−θ) . This is a linear system (or matrix differential equation)
to which there exists a solution and a multitude of techniques for obtaining it. The
solution has the form

yt = y∗ + exp(at)[y0 − y∗] + exp(bt)[x0 − x∗]
xt = x∗ + exp(ct)[y0 − y∗] + exp(dt)[x0 − x∗]

with the coefficients a, b, c and d yet to be determined.
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Appendix D Quantitative Details of Uncertainty Shocks

Table 3: Reaction of main variables in %

Variable

Baseline Alternative

φ = 0.9 φ = 0 φ = 0.9 φ = 0

t = 0 cumu. t = 0 cumu. t = 0 cumu. t = 0 cumu.

Growth rate -0.30 -2.17 -0.30 -0.30 0.30 2.15 0.30 0.30

Consumption -1.53 22.97 -1.53 3.20 1.48 -29.55 1.48 -4.15

Investment 18.35 43.43 18.35 5.66 -12.62 -45.87 -12.62 -6.17

Output* 0.22 24.54 0.21 3.39 -0.23 -31.27 -0.21 -4.36

Capital* 0.67 74.96 0.64 10.29 -0.55 -73.98 -0.52 -10.37

Welfare cost 0.46 0.06 -0.60 -0.08

Notes: The t = 0 columns list initial responses, the “cumu.” columns list cumulative deviations
of the respective variable. Initial responses are computed as immediate deviations from the
respective steady state levels. For variables marked with an asterisk we report the deviations
after/within one year. Cumulative deviations are the discounted sums of deviations from their
steady states. In Appendix B we describe explicitly how the welfare measure is computed.
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