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Demographic Growth, Harrodian (In)Stability 
and the Supermultiplier 

 

 

Abstract: Our model is based on a Kaleckian basis, which is enriched by three simple, 

intuitive hypotheses. Firstly, an unemployment benefits system organizes the 

distribution of the wage bill between employed and unemployed workers, the latter 

receiving an amount of money corresponding to the subsistence level. Secondly, only 

individuals with an income above the subsistence level build savings. The combination 

of these two hypotheses gives rise to an autonomous consumption expenditure whose 

rate of growth is given by the demographic rate of growth. As a consequence, the rate of 

capital accumulation spontaneously converges towards the demographic rate of growth 

(supermultiplier effect), a dynamics that gives a solution to one of the two Harrodian 

instability problems. The third hypothesis corresponds to the entrepreneurs’ attempts 

to adjust investment in order to restore the normal rate of capacity utilization. Whereas 

such assumption usually generates knife-edge instability, we show here that this 

instability can be eliminated by the stabilizing properties of the supermultiplier. 

Moreover, the attempts to adjust investment enable to restore the normal rate of 

capacity utilization. In summary, the model offers a simple, simultaneous solution to the 

two Harrodian instability problems. 

 

Keywords: Aggregate demand, Long run, Harrodian instability, Demographic growth, 

Supermultiplier. 
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1. Introduction 

This article presents a Post Keynesian model of economic growth that provides a 

common solution to the two Harrodian instability problems. 

In his seminal article, Harrod (1939) introduces a simple, intuitive assumption about the 

entrepreneurs’ behavior when they observe over or under-utilization of the capital 

stock: they adjust their capital accumulation to target their normal (or desired) rate of 

capacity utilization. However, as is well known, such a behavior brings out a growing 

divergence between the actual and the warranted rate of growth. That is the knife-edge 

instability problem. 

Besides, Harrod highlights another problem of instability, affecting the rate of 

employment, if the warranted rate of growth differs from the natural rate of growth (i.e. 

the sum of the growth rate of active population and the growth rate of labor 

productivity). 

The very abundant heterodox literature on these two problems may be divided into two 

large families. In the first one, knife-edge instability plays a core role to generate trade 

cycles. This obviously relates to Hicks (1950), but the models based on Samuelson 

oscillator (1939) could enter in the same logic.1 In each case, the knife-edge dynamics 

must be impeded by other forces for the path to reach a ceiling and a floor and for the 

conjuncture to reverse. In Flaschel and Skott (2006) or in Skott (2010), for instance, the 

reversal results from the negative impact of employment on investment: if the rate of 

employment is high, entrepreneurs difficulties in hiring additional workers make an 

incentive to slow down capital accumulation, and conversely if the rate of employment is 

low. In Fazzari et al. (2013), the ceiling is determined by full employment whereas the 

floor depends on a supermultiplier mechanism: the rate of accumulation then converges 

towards the rate of growth of a non-generating capacity autonomous component of 

aggregate demand such as government spending. 

Note that the trade cycles approaches provide an immediate solution to the second 

Harrodian problem mentioned above, since the fall in employment during recession is 

                                                        
1 Although Samuelson is inspired by Hansen rather than Harrod. 
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followed by a reversal when the cycle hits the floor; and conversely, the rise in 

employment during expansion stops and reverses when the cycle hits the ceiling. 

In the second family of approaches, the entrepreneurs’ investment behavior causing 

knife-edge instability is removed. The trade cycle analysis is also removed in favor of a 

steady state equilibrium in which the actual and warranted rate of growth converge 

towards one another. Several mechanisms have been proposed, resting on alternative 

parameters: the income distribution in Cambridge models (Kaldor, 1955-56, 1957; 

Robinson, 1956, 1962), the rate of capacity utilization in Kaleckian models (Rowthorn, 

1981; Dutt, 1984; Lavoie, 2014), the profit retention ratio (Shaikh, 2007), the central 

bank rate of interest (Duménil and Lévy, 1999), etc.2 

In this long-run equilibrium framework, two distinct theoretical strategies have been 

proposed to reconcile the warranted and the natural rate of growth. On the one hand, 

the reconciliation results from the endogenous adjustment of the natural rate of growth, 

for instance if the technical progress follows the Kaldor-Verdoorn’s law (Dutt, 2006) a 

high warranted rate of growth corresponds to a high rate of capital accumulation that 

entails strong productivity gains, then a rise in the natural rate of growth. On the other 

hand, it is the warranted rate of growth that converges towards the natural rate, for 

instance because of counter-cyclical policies: a rise in the unemployment rate induces 

expansionary monetary and fiscal policies, which increase the rate of investment (Dutt, 

2006).3 

However, the entrepreneurs’ investment assumption that causes knife-edge instability is 

so natural that it seems unrealistic to ignore it. Removing this assumption can therefore 

be interpreted as a very strong assumption that weakens Keynesian approach (what 

happens if entrepreneurs adopt this behavior?), hence the importance of models in 

which this assumption is made consistent with the convergence towards a steady state 

equilibrium. 

In a recent article, Allain (2015) proposes a solution in this direction. Introducing a 

supermultiplier mechanism in a basic Kaleckian model, he shows first that the rate of 

accumulation converges towards the exogenous rate of growth of an autonomous 

                                                        
2 See Hein et al. (2011) or Lavoie (2014, p.377-410) for a more complete and detailed survey. 
3 See also the above-mentioned articles of Duménil and Lévy (1999) or Skott (2010) whose 

analyses fit quite well with such argument. 
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aggregate demand component (government spending).4 Then, he shows that, rather 

than generating knife-edge instability, the destabilizing entrepreneurs’ behavior may 

restore the normal rate of capacity utilization. 

The aim of the present article is to go a step further by addressing the other problem of 

instability too, which relates on the discrepancy between the actual and the natural rate 

of growth. For sake of simplicity, we assume that there is no gain in labor productivity so 

that the natural rate of growth is equal to the rate of demographic growth. 

A simple solution would be to assume that the rate of growth of public expenditure is set 

by the government in accordance with the demographic rate of growth.5 This would be 

however an ad hoc solution, which, in addition, does not fit with the reality. Moreover, 

the aggregate demand component that is the most naturally connected with 

demographic growth is household consumption: the more people, the more mouths to 

feed, bodies to clothe and to shelter. We then propose introducing an exogenous 

individual subsistence level of consumption: people who earn this subsistence level 

totally consume their income whereas those who earn more share their income between 

consumption and saving. At the aggregate level, this assumption results in an 

autonomous consumption component (beside the endogenous component) that grows 

at the demographic rate of growth. 

However, a necessary condition is to make ‘effective’ the demand of unemployed people 

who do not receive any direct income from the economic activity, hence the necessity to 

formalize a redistributive device between employed and unemployed workers. We 

assume here a formal mechanism such as an unemployment benefits system.6 

Another necessary condition for the supermultiplier to work is that the wage bill is high 

enough to enable everybody to consume the subsistence level or more. Interestingly, we 

will see that the two Harrodian instability problems prevail if this condition is not 

fulfilled. On the contrary, if the condition is fulfilled, the rate of employment may 

                                                        
4 See also Serrano (1995A, 1995B) and Bortis (1997). 
5 For sake of simplicity, a zero labor productivity rate of growth is assumed. The natural rate 

of growth thus equals the growth rate of active population. 
6 Another assumption, like the informal mechanism at stake between breadwinners and 

dependents within a family, would have been appropriate, too. 
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stabilize and the knife-edge instability may be avoided. However, there is no reason for 

the economy to reach the full employment. 

In summary, we present a model with Kaleckian properties in the short run, in 

particular the endogenous determination of both the rate of capacity utilization and the 

rate of accumulation. In the long run, however, the entrepreneurs’ investment decisions 

in order to reach the normal rate of capacity utilization may succeed rather than 

generating knife-edge instability. In addition, the rate of accumulation converges 

towards the rate of demographic growth because the autonomous consumption of the 

growing population becomes the main engine of our demand-led economy. Finally, the 

model illustrates the stabilizing properties of the welfare state since the distributive 

mechanism at stake in the supermultiplier effect consists in an unemployment benefits 

system. 

The article is organized as follows. The model assumptions are given in section 2, 

particularly those about the consumption behavior of workers and the wage distribution 

between employed and unemployed resulting from the unemployment benefits system. 

In section 3, we show that Harrodian instability problems prevail if the wage bill is too 

low to enable everybody to consume the subsistence level. We then assume that the 

wage bill is higher than autonomous consumption. The supermultiplier effect that 

entails both the convergence of the rate of economic growth towards the rate of 

demographic growth and the stabilization of the rate of employment is analyzed in 

section 4. Section 5 is devoted to the convergence of the rate of capacity utilization 

towards its normal level. We will conclude in Section 6. 

2. The model assumptions 

Let us assume a closed economy without government whose aggregate demand (𝑍) is 

given by: 

 𝑍 = 𝐶 + 𝐼, (1) 

where 𝐶 and 𝐼 represent consumption and investment. Assuming a fixed coefficients 

technology, the aggregate production function is given by: 

  𝑍𝑠 = 𝑞𝐿 = 𝑧𝐾, (2) 
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where 𝑍𝑠 , 𝐿 and 𝐾 represent production volume, labor input and capital stock, 𝑧 =
𝑍𝑠

𝐾
 the 

actual rate of capacity utilization, and 𝑞 is the fixed labor productivity coefficient, which 

is supposed to be exogenously given and not subject to productivity gains. For sake of 

simplicity, the exogenous capital coefficient is assumed to be equal to unity. 

Firms are supposed to set prices according to an exogenous mark-up on unit labor costs. 

The resulting exogenous profit share is 𝜋 while the real wage is given by: 

 𝑤 = (1 − 𝜋)𝑞 . (3) 

Only a fraction of the active population (𝑁) is employed. Noting 𝑒 =
𝐿

𝑁
  the rate of 

employment, the complement to unity (1 − 𝑒) corresponds to the rate of 

unemployment. An unemployment benefits system organizes the sharing of the wage 

bill between employed workers and unemployed. To the extent possible, the 

unemployment benefits is equal to an individual ‘subsistence’ level of consumption (𝛼0) 

that rests on biological as well as on sociological grounds. However, it is assumed that 

people can live with an income lower than 𝛼0. Hence two cases must be distinguished 

depending on condition (C1): 

 𝑤𝑒 > 𝛼0. (C1) 

Firstly, if (C1) is not fulfilled (that is 𝑤𝐿 < 𝛼0𝑁), the wage bill is too low to make it 

possible for everyone in the population to reach the subsistence level. In that case, the 

wage bill is supposed to be uniformly shared between people, each one receiving 𝑒𝑤. 

Noting 𝜏 the rate of contribution to unemployment benefits, 𝑤𝑈 the level of 

unemployment benefits, and 𝑤𝐿 the net wage, it comes that: 

 𝑤𝑈 = 𝑤𝐿 = (1 − 𝜏)𝑤 = 𝑒𝑤   with   𝜏 = 1 − 𝑒. (4) 

In such economy, workers and unemployed consume their whole income (𝑐𝐿 = 𝑐𝑈 =

𝑒𝑤), which is lower than the subsistence level 𝛼0. Otherwise speaking, the subsistence 

level does not give rise to an ‘effective’ autonomous consumption because incomes are 

too low to make ‘effective’ this amount of expenditure. In addition, capitalists are 

assumed to fully save the profit. The aggregate consumption is then equal to the wage 

bill 𝑤𝐿. 

Conversely, if (C1) is fulfilled (that is 𝑤𝐿 > 𝛼0𝑁), the wage bill is high enough for 

employed workers to keep a net wage that is higher than 𝛼0 whereas unemployed 
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receive and consume the subsistence level (𝑤𝑈 = 𝛼0 = 𝑐𝑈). For the unemployment 

benefits system to be balanced, the amount of workers contributions must be equal to 

the amount of benefits, that is: 

 𝑒𝜏𝑤 = (1 − 𝑒)𝛼0. (5) 

Substituting (4) and (5) and rearranging, it comes that: 

 𝜏 =
(1−𝑒)𝛼0

𝑒𝑞(1−𝜋)
, (6) 

and that: 

 𝑤𝐿 = 𝑞(1 − 𝜋) −
1−𝑒

𝑒
𝛼0, (7) 

where 
1−𝑒

𝑒
 corresponds to the dependency ratio. In this economy, it is assumed that 

employed workers share their net wage between saving and consumption. More 

precisely, they are supposed to consume the subsistence level plus a fraction of their 

remaining net wage, that is: 

 𝑐𝐿 = 𝛼0 + 𝛼(𝑤𝐿 − 𝛼0), (8) 

where 𝛼 < 1 stands for the employed workers marginal propensity to consume. In this 

economy as above, the profit is assumed to be fully saved.7 Aggregate consumption then 

corresponds to: 

 𝐶 = 𝑁[𝑒𝑐𝐿 + (1 − 𝑒)𝑐𝑈]. (9) 

Substituting 𝑐𝑈 and 𝑐𝐿 and rearranging, it comes that: 

 𝐶 = 𝛼(𝑤𝐿 − 𝛼0𝑁) + 𝛼0𝑁, (10) 

where the first term in the right member corresponds to the endogenous consumption 

(since it depends on the wage bill) whereas the second term corresponds to the 

autonomous consumption that is made ‘effective’ because of the high level of 

unemployment benefits. 

Finally, the firms’ rate of capital accumulation can be written as: 

 𝑔𝑖 =
𝐼

𝐾
= 𝛾 + 𝛾𝑧(𝑧 − 𝑧𝑛), (11) 

                                                        
7 This assumption makes it possible to preserve the Kaldorian theory of distribution and to 

escape from the Pasinetti criticism: the workers’ saving is rewarded by a fraction of profit, but 
this income is supposed to be fully saved. 
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where 𝑧𝑛 is the normal (or desired) rate of capacity utilization from the entrepreneurs’ 

point of view and 𝛾𝑧 corresponds to the sensitivity of accumulation to the discrepancy 

between the actual and the normal utilization rates. Since 𝑧 = 𝑧𝑛 results in 𝑔 = 𝛾, the 𝛾 

parameter can be understood as the average expectation of the secular rate of growth 

(subject to animal spirits), as perceived by the managers of firms. 

3. The two Harrodian instability problems in the absence of ‘effective’ 

autonomous consumption 

As stated above, there is no ‘effective’ autonomous consumption if (C1) is not fulfilled, 

that is if the wage bill is too low to make it possible for everyone in the population to 

reach the subsistence level (𝑤𝑒 < 𝛼0). In that case, consumption is fully endogenous 

since it is given by the wage bill. Substituting 𝐶 and 𝐼 (equation 12) into the aggregate 

demand function (1) and solving gives the goods market short-run equilibrium rate of 

capacity utilization: 

 𝑧∗ =
𝛾−𝛾𝑧𝑧𝑛

𝜋−𝛾𝑧
. (12) 

The denominator must be positive for the Keynesian stability condition to hold (i.e. 

𝑑𝑆 𝑑𝑧⁄ > 𝑑𝐼 𝑑𝑧⁄ ). The numerator must be positive too for 𝑧∗ to be positive. The 

corresponding rate of accumulation is: 

 𝑔∗ = 𝛾 + 𝛾𝑧(𝑧∗ − 𝑧𝑛). (13) 

It is easy to check that a better confidence (a higher 𝛾) increases both capacity 

utilization and accumulation. In addition, a rise in the profit share (𝜋) results in lower 

economic activity (stagnationist regime) and rate of capital accumulation (wage-led 

growth). Finally, as in Kaleckian models, the equilibrium rate of capacity utilization can 

durably depart from its normal level. 

Noting 𝜂 =
𝑁

𝐾
 the ratio of population to capital8 and substituting (12) in (2), the resulting 

employment rate is given by: 

 𝑒∗ =
𝑧∗

𝜂𝑞
. (14) 

                                                        
8 Because of the mathematical properties of the model, it is easier to use this ratio rather than 

the usual capital intensity ratio. Note also that 𝜂 takes population rather the labor into account. 
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The employment rate is then a positive function of the rate of capacity utilization but a 

decreasing function of both the 𝜂 ratio and labor productivity (𝑞). Substituting (3) and 

(14) in the condition that (C1) does not hold, it results that: 

 𝜂 >
(𝛾−𝛾𝑧𝑧𝑛)(1−𝜋)

(𝜋−𝛾𝑧)𝛼0
. (not C1) 

In other words, the current configuration occurs if the ratio of population to capital 

stock is high relatively to level that is given by some parameters of the model. 

In the long run, this configuration is subject to the two Harrodian instability problems. 

On the one hand, the rate of employment (14) is not stationary if the population is 

supposed to grow at an exogenous rate, 𝑛. If 𝑛 > 𝑔∗, the economy faces a continuous fall 

of employment while the ratio 𝜂 gradually increases. On the contrary, if 𝑛 < 𝑔∗ (that is if 

𝑛 and 𝜋 are small or if 𝛾 is high), the rate of employment rises while 𝜂 gradually 

decreases until that the condition (C1) is fulfilled so that the economy switches in the 

second configuration examined below. 

On the other hand, entrepreneurs may react to the divergence between 𝑧∗ and 𝑧𝑛 by 

adjusting the expected secular rate of growth (𝛾) to target their normal rate of capacity 

utilization. This behavior results in the knife-edge instability problem: a fall in 𝛾 

responding to 𝑧∗ < 𝑧𝑛 implies a decline in 𝑧∗ that widens the gap with 𝑧𝑛, that results in 

a further decline in 𝛾, etc.; and conversely if 𝑧∗ > 𝑧𝑛. 

4. The supermultiplier effect: the stability of the rate of employment 

We now assume that the wage bill is high enough to make it possible for unemployed to 

buy the subsistence basket and for employed workers both to reach a higher level of 

consumption and to save a fraction of their wage (i.e. 𝑤𝑒 > 𝛼0 so that the condition (C1) 

is now fulfilled). In the short run, the population to capital ratio (𝜂) is assumed to be 

exogenous. Substituting (10) and (11) in (1), the equilibrium rate of capacity utilization 

is given by: 

 𝑧∗ =
𝛾−𝛾𝑧𝑧𝑛+(1−𝛼)𝛼0𝜂

1−𝛼(1−𝜋)−𝛾𝑧
.  (15) 

The Keynesian stability condition is still supposed to hold, that is: 

 1 − 𝛼(1 − 𝜋) − 𝛾𝑧 > 0. (C2) 
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For 𝑧∗ to be positive, the numerator of (15) must be positive too. The rate of 

accumulation and the rate of employment are still given by (13) and (14). The 

comparative static results, summarized in Table 1.a, will be interpreted below. 

Now, in the medium run,9 𝜂 becomes endogenous because the capital stock increases at 

an endogenous rate (𝑔∗) while the population increases at an exogenous rate (𝑛). The 

model dynamics is given by: 

 �̇� = 𝜂�̂� = 𝜂(𝑛 − 𝑔∗), (16) 

where the dot denotes the rate of change (�̇� = 𝑑𝜂 𝑑𝑡⁄ ). The medium-run equilibrium, 

combining the goods market equilibrium (15) with a position of rest (�̇� = 0), is the 

solution of the system: 

 {
�̇� = 0
𝑧 = 𝑧∗  (17) 

Leaving aside the obvious but irrelevant solution corresponding to 𝜂 = 0, the system is 

at equilibrium if the rate of capital accumulation equals the rate of demographic growth. 

The solution is then given by: 

 𝑧∗∗ =
𝑛−𝛾

𝛾𝑧
+ 𝑧𝑛,  (18) 

 𝑔∗∗ = 𝑛,  (19) 

 𝜂∗∗ =
(𝑛−𝛾+𝛾𝑧𝑧𝑛)[1−𝛼(1−𝜋)]−𝑛𝛾𝑧

𝛾𝑧(1−𝛼)𝛼0
,  (20) 

 𝑒∗∗ =
𝑧∗∗

𝜂∗∗𝑞
.  (21) 

The condition for 𝑧∗∗ to be positive is that: 

 𝑛 − 𝛾 + 𝛾𝑧𝑧𝑛 > 0. (C3) 

In addition, the conditions both for 𝜂∗∗ to be positive and for 𝑤𝑒 > 𝛼0 are given by: 

 𝜋𝑧∗∗ < 𝑛 < [1 − 𝛼(1 − 𝜋)]𝑧∗∗. (C4) 

A necessary condition for (C4) to hold is that 𝜋 < 1 − 𝛼(1 − 𝜋). Note that (C4) involves 

rather strong constraints on some parameters of the model. In particular, the condition 

                                                        
9 As it will clearly appear below, the supermultiplier effect alone does not imply the 

convergence between 𝑧 and 𝑧𝑛. The resulting equilibrium cannot be stationary if entrepreneurs 
target their normal rate of capacity utilization. That is the reason why we refer here to the 
medium-run analysis while we will later examine the long-run properties of the model. 
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that 𝜋𝑧∗∗ < 𝑛 can appear to be too restrictive. However, we remind that the capital 

coefficient has been set to unity. A higher value should reduce the left member of the 

inequality. More generally, the present model is based on strong assumptions (no 

technical progress, no capital depreciation…), which may partly explain the restrictions 

imposed on the parameters. 

The stability conditions depend on the first and second derivatives: 

 
𝑑�̇�

𝑑𝜂
= 𝑛 − 𝑔∗ − 𝜂

𝑑𝑔∗

𝑑𝑧∗

𝑑𝑧∗

𝑑𝜂
, (22) 

 
𝑑2�̇�

𝑑𝜂2
= −2𝛾𝑧

(1−𝛼)𝛼0

1−𝛼(1−𝜋)−𝛾𝑧
. (23) 

Assuming that (C2) holds, the second derivative is negative. The function �̇�(𝜂) is then an 

inverted u-shaped relationship with two roots, 𝜂 = 0 and 𝜂 = 𝜂∗∗. Assuming that (C4) 

holds (i.e. 𝜂∗∗ > 0), the former is an unstable equilibrium whereas the latter 

corresponds to the stable medium-run equilibrium of the system. 

[Table 1 here] 

The comparative static results are summarized in Table 1.b. They enable understanding 

the convergence mechanisms at stake in the model. In the remainder of the section, the 

starting situation is a medium-run equilibrium in which the population to capital ratio is 

stationary (𝜂 = 𝜂∗∗) because 𝑔∗∗ = 𝑛. 

Income distribution, saving and consumption. Starting from the medium-run 

equilibrium, we assume an exogenous change either in the profit share (𝜋), or in the 

subsistence level of consumption (𝛼0), or in the employed workers marginal propensity 

to consume (𝛼). Each of these changes directly impacts the economy propensity to 

consume. The short-run implications are consistent with the Kaleckian basis of the 

model (see Table 1.a): any change that reduces consumption (for instance, an increase 

in 𝜋) negatively affects both 𝑧∗, 𝑔∗ and 𝑒∗. At this stage, the model is both stagnationist 

and wage-led. 

However, the fall in the rate of capital accumulation implies a rise in the 𝜂 ratio10 (since 

𝑔∗ < 𝑛) that worsens the employment situation but that implies a reversal in both 𝑧 and 

                                                        
10 We still assume that the condition (C1) holds so that the wage bill is high enough to cover 

the autonomous consumption expenditure. 
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𝑔 (see Table 1.a the short-run impacts of a change in 𝜂): the unemployment benefits 

system organizes the wage bill distribution between employed workers (who save a 

fraction of their income) and unemployed (who fully consume their benefits), then a rise 

in the ‘effective’ autonomous consumption that plays a counter-cyclical, stabilizing 

role.11 That is the supermultiplier effect: aggregate demand is now supported by the 

exogenous component (𝛼0𝑁) that grows with the population. The recovering of 𝑧 and 𝑔 

continues as long as 𝑔∗ < 𝑛 because the continuing fall in the rate of employment 

implies more distribution between workers and unemployed. Eventually, the system 

stabilizes for  𝑔∗∗ = 𝑛 which proves that the supermultiplier effect tackles the Harrodian 

instability problem stemming from the discrepancy between economic and 

demographic growth. This property will be preserved in the long-run analysis below. 

It is worth noting that, even if 𝑧 and 𝑔 are not affected in the medium run, the initial 

shock has persistent effects on the equilibrium. Indeed, the temporary slowdown in the 

capital accumulation results both in a higher population to capital ratio (𝜂∗∗) and in a 

lower rate of employment (𝑒∗∗). Otherwise speaking, the solution given to the Harrodian 

instability problem (resulting from the growing gap between 𝑛 and 𝑔) is fully consistent 

with an economy in which the unemployment rate can remain at a high and steady level. 

Demographic growth. Starting from the medium-run equilibrium, we now assume a 

positive shock on the rate of demographic growth. This shock entails a rise in the 

population to capital ratio (𝜂). The same convergence mechanism as before engages: the 

decline in the rate of employment implies more distribution between workers and 

unemployed, then a rise in the ‘effective’ autonomous consumption that increases both 

the rate of capacity utilization (𝑧∗) and the rate of accumulation (𝑔∗). The system 

stabilizes when 𝑔∗∗ = 𝑛. 

However, the rise in the rate of capital accumulation being gradual, its convergence 

towards the new value of 𝑛 takes time. Then an increase in the population to capital 

ratio 𝜂∗∗ that stabilizes at a higher level than in the initial situation. In parallel, there is a 

drop in the rate of employment 𝑒∗∗. 

                                                        
11 As is made clear here, the rise in the ‘effective’ autonomous consumption theoretically 

corresponds to an increase in the (marginal and average) propensity to consume. 
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Animal spirits. In the short run (Table 1.a), we find the usual Keynesian outcomes: an 

increase in entrepreneurs’ expectation of the secular rate of growth (𝛾) implies a rise in 

both 𝑧∗, 𝑔∗ and 𝑒∗. In the medium run (Table 1.b), however, the rise in 𝑔∗ results in a 

decline in the ratio 𝜂. The convergence mechanism then engages, but in the opposite 

direction than before: the rise in 𝑒∗ impedes the redistribution of wages between 

employed and unemployed workers, then a decline in the propensity to consume. The 

ensuing diminution in the rate of capacity utilization slows down the rate of capital 

accumulation that converges back to the rate of demographic growth. The positive 

impact of entrepreneurs’ optimism on economic growth is then only transitory since, at 

the medium-run equilibrium, 𝑔∗∗ remains equal to 𝑛. Nevertheless, the transitory effects 

imply permanent consequences. The capital stock is permanently higher than it would 

have been without the rise in 𝛾, but its rate of utilization (𝑧∗∗) diminishes. Eventually, 

the positive short-run effect on the rate of employment lasts in the medium run, then a 

rise in 𝑒∗∗. 

Several comments are required to complete the analysis of the supermultiplier effect. 

Firstly, while investment is partly exogenous in the short run, resting on the 

entrepreneurs’ state of confidence, it becomes fully endogenous in the long run since the 

rate of accumulation adjusts to the demographic rate of growth. Contrary to what is 

sometimes suggested, this does not contradict Keynesian theories in which an accurate 

distinction must be made, among the aggregate demand components, between those 

that depend (the induced components) and those that do not depend (the autonomous 

components) from the aggregate income. However, the latter can be endogenous, 

provided that they rest on other factors. Otherwise speaking, the endogenous setting of 

the rate of accumulation does not imply a shift towards neoclassical analyses. In Solow 

(1956), Say’s law lies in the fact that investment is given by saving, which depends on 

the aggregate income. This is not the case here since investment does not depend on the 

income. In addition, we have seen that the short-run changes in the rate of accumulation 

(depending on the state of confidence) have persistent effects on both the capital stock 

and the employment situation, outcomes that are completely in line with Keynes’ 

demand-led theory. 

Secondly, to our knowledge, the stabilization of the unemployment rate at the steady 

state is an original outcome. This is of course a major difference with the full 



15 
 

employment model of Solow (1956). But this is also a major difference with the trade 

cycles models mentioned in the introduction in which phases of convergence to full 

employment alternate with phases of divergence. In our supermultiplier model, on the 

contrary, the rate of unemployment converges toward a stable level that is persistently 

affected by exogenous shocks on the aggregate demand. 

Thirdly, for the autonomous consumption to produce a supermutiplier effect, it must 

affect the propensity to consume. That is why it is necessary to assume that employed 

workers save part of their wage. Otherwise, unemployment benefits have no effect on 

aggregate demand because unemployed consumption is offset by an equal curtailment 

of workers consumption.12 In the supermultiplier model, on the contrary, the 

consumption of unemployed is partially financed by a cut in the workers saving, then a 

positive impact on the aggregate demand. 

Incidentally, the model outcomes strengthen the merits of the welfare state. As 

Keynesian economists often claim, redistribution positively impacts economic activity 

and employment. Furthermore, it clearly appears here that the unemployment benefits 

system contributes to the stabilization of the economy too. 

Eventually, another major difference with the existing literature lies in the aggregate 

demand component that is affected by demographic growth. In most models, this 

component is the investment and the causal link is not so direct: the gap between the 

economic and demographic rate of growth first affects the rate of employment, then 

generates an incentive for entrepreneurs to adjust their investment; this incentive may 

be direct as in Skott (2010) in which capital accumulation depends on the rate of 

employment, or indirect as in Dutt (2006) in which it depends on the central bank 

decision to engage in counter-cyclical policies.13 In the present model, on the contrary, 

this component is the autonomous consumption (𝛼0𝑁) and the causal link is direct since 

𝑁 grows at the rate 𝑛.  

                                                        
12 Formally, 𝛼 = 1 in equation (15), implying that 𝑧∗ does not depends on 𝛼0. 
13 In Fazzari et al. (2013), the logic is somewhat different since aggregate demand is not 

necessary impacted by demographic growth. Indeed, the rate of growth of population affects the 
ceiling of the trade cycles, via the usual supply-side argument: it is not possible to produce more 
than in full employment. The floor of the cycles depends on the government expenditure, via a 
supermultiplier effect. However, the government expenditure exogenous rate of growth may 
differ from the demographic rate of growth, a divergence that does not eliminate the cycles but 
has an impact on their amplitude. 
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5. Tackling the knife-edge instability problem 

In the medium run analysis above, the model gives a solution to the Harrodian 

instability problem stemming from the discrepancy between economic and 

demographic growth: the combination of autonomous consumption with the 

unemployed benefits system results in the convergence of the rate of capital 

accumulation towards the rate of demographic growth (𝑔∗∗ = 𝑛). However, at the 

medium-run equilibrium, there is no reason for the rate of capacity utilization (𝑧∗∗) to be 

equal to its normal (or desired) value (𝑧𝑛). More precisely, the equality would require 

that the entrepreneurs’ expectation of the secular rate of growth (𝛾) is equal to the rate 

of demographic growth (𝑛). However, if entrepreneurs focus on their own business, 

there is no reason to assume that their expectations coincide, individually and in 

average, with the rate of demographic growth. But, a gap between 𝛾 and 𝑛 results in a 

gap between 𝑧∗∗ and 𝑧𝑛. Now, entrepreneurs can probably not be satisfied with such a 

situation. They may react in different ways.14 We assume here, as in Allain (2014), that 

they adjust the value of 𝛾 in order to partially or completely make up for to the gap 

between their expectation (𝛾) and the actual rate of accumulation (𝑔∗), that should be: 

 �̇� = 𝜓(𝑔∗ − 𝛾), (24) 

where 𝜓 ∈ [0,1] represents the speed of adjustment coefficient (𝜓 = 1 if the firms 

instantaneously fill the gap between 𝑔∗ and 𝛾). Substituting with (13), the adjustment 

function becomes: 

 �̇� = 𝜓𝛾𝑧(𝑧∗ − 𝑧𝑛), (25) 

In most models, such behavior worsens the situation because 𝜕�̇� 𝜕𝛾⁄ > 0: a fall in 𝑧∗ 

induces in a decrease of 𝛾 which induces another fall in 𝑧∗, etc. This is the well-known 

Harrodian knife-edge problem. But Allain (2014) has shown that this adjustment 

behavior does not unavoidably lead to instability in supermultiplier models, provided a 

rather small value for the 𝜓 coefficient. It is also the case in the current model. 

The long-run equilibrium is the solution of the system: 

 {
�̇� = 0
�̇� = 0
𝑧 = 𝑧∗

   (26) 

                                                        
14 See Hein et al. (2011, 2012) and Allain (2014), among other, for a detailed discussion. 
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where �̇� is still given by (16). The unique solution of this system is: 

 𝑧∗∗∗ = 𝑧𝑛, (27) 

 𝑔∗∗∗ = 𝛾∗∗∗ = 𝑛, (28) 

 𝜂∗∗∗ =
[1−𝛼(1−𝜋)]𝑧𝑛−𝑛

(1−𝛼)𝛼0
, (29) 

 𝑒∗∗∗ =
𝑧𝑛

𝜂∗∗∗𝑞
. (30) 

The conditions both for 𝜂∗∗∗ to be positive and for 𝑤𝑒 > 𝛼0 are given by: 

 𝜋𝑧𝑛 < 𝑛 < [1 − 𝛼(1 − 𝜋)]𝑧𝑛.  (C5) 

Once again, these conditions, especially the first inequality, may appear to be too 

restrictive to be realistic. But we give the same answer than for (C4), reminding that 

these constraints partly depend on the strong assumptions of the model (a capital 

coefficient equal to unity, no technical progress, no capital depreciation…). 

According to the dynamics analysis of the system (26) (see the Appendix), the condition 

for the equilibrium to be locally stable is given by: 

 𝜓 < [1 − 𝛼(1 − 𝜋)]𝑧𝑛 − 𝑛, (C6) 

where the right member is positive because of the condition (C5). As a conclusion, a high 

value of 𝜓 induces the usual Harrodian knife-edge instability problem. However, the 

system converges towards its long-run equilibrium if the value of 𝜓 is sufficiently small. 

In that case, the entrepreneurs’ adjustment behaviour not only does not result in 

instability, but it is also a necessary condition for the rate of capacity utilization to 

converge towards its normal level. 

The comparative static results are summarized in Table 1.c. 

Convergence. To explain the convergence mechanism, we start from the long-run 

equilibrium (𝛾∗∗∗ = 𝑛 and 𝑧∗∗∗ = 𝑧𝑛) and we assume an amelioration in the state of 

confidence that raises the firms’ expected secular rate of growth. In the short run, we 

observe the usual changes: the rise in 𝛾 results in a rise in both 𝑧∗, 𝑔∗ and 𝑒∗. 

In the long run, firms are supposed to adjust the expected secular rate of growth in 

order to fill the gap between 𝑧∗ and 𝑧𝑛 (equation 26), then a rise in 𝛾. If it is the only 

effect at work, it generates upward knife-edge instability: the rise in 𝛾 results in a rise in 
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𝑧 that results in a rise in 𝛾, etc. However, this destabilizing effect may be offset by the 

supermultiplier: the improvement of the labor market reduces the wage bill distribution 

between workers and unemployed, then a cut in the autonomous consumption that 

decreases the rate of capacity utilization 𝑧. The supermultiplier effect dominates 

provided a sufficiently small value for 𝜓 (C6). In that case, the destabilizing rise in 𝑧 is 

more than offset by the decrease in 𝑧. The rate of capacity utilization converges back 

towards its normal value 𝑧𝑛 while the rate of accumulation converges back towards the 

rate of demographic growth. The two Harrodian instability problems are then 

simultaneously solved. 

Note in addition that the transient raise in 𝛾 persistently affects both the population to 

capital ratio (𝜂∗∗∗ decreases) and the rate of employment (𝑒∗∗∗ increases). 

Comparative static analysis. In the long run, 𝑧∗∗∗ and 𝑔∗∗∗ are respectively given by 𝑧𝑛 

and 𝑛. Conversely, neither 𝑧∗∗∗ nor 𝑔∗∗∗ are impacted by a change in a parameter relating 

to income distribution, consumption or saving (i.e. 𝜋, 𝛼0 and 𝛼). However, the transitory 

effects on the rates of capacity utilization and capital accumulation have long-run 

consequences on the other endogenous variables of the model. 

For instance, because a decrease in the profit share (as well as an increase in both 𝛼0 

and 𝛼) results in an increase in both 𝑧∗ and 𝑔∗, the capital stock momentarily rises at a 

faster rate than demographic growth. Although this divergence vanishes in the medium 

and long run, the consequence on the capital stock is permanent, then a diminution in 

the long-run population to capital ratio (𝜂∗∗∗). In addition, this economy endowed with 

more capital hires more workers and produces more goods, then an increase in the long-

run rate of employment (𝑒∗∗∗). 

Of course, as in the medium run, the expected secular rate of growth adjusts to an 

increase in the rate of demographic growth. However, the consequences on the 

population to capital ratio as well as on the rate of employment are reversed. This 

reversal results from the repeated attempts to adjust the rate of capacity utilization. 

Since the rise in 𝑛 implies a rise in 𝑧∗∗ (that departs from 𝑧𝑛), firms accelerate the capital 

accumulation. If condition (C6) holds, these repeated attempts succeed and the rate of 

capacity utilization is brought back to 𝑧𝑛. However, the important capital accumulation 
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leads to a population to capital ratio that is lower than in the initial situation whilst 

there is an improvement in the rate of employment. 

6. Conclusion 

The model presented in this article is built on a Kaleckian basis that is enriched by three 

distinct hypotheses. Firstly, we assume that an unemployment benefits system 

organizes the distribution of the wage bill between employed and unemployed workers, 

the latter receiving an amount of money corresponding to the subsistence level. 

Secondly, only individuals who earn an income above the subsistence level are assumed 

to build savings. The combination of these two hypotheses gives rise to an autonomous 

consumption expenditure whose rate of growth is given by the demographic rate of 

growth. This is the crucial ingredient of the supermultiplier effect. As a consequence, we 

have shown in section 4 that the rate of capital accumulation spontaneously converges 

towards the demographic rate of growth, a dynamics that gives a solution to one of the 

two Harrodian instability problems. The core reason is that any change that positively 

affects the rate of accumulation (so that 𝑔 > 𝑛) is now offset by an opposite change on 

the autonomous consumption because the decrease in unemployment reduces the 

benefits, and conversely. Such mechanism incidentally reminds the positive, stabilizing 

role of the welfare state in a capitalist economy. 

It is worth noting that the rate of employment finally stabilizes at a level that is 

persistently affected by the exogenous shocks on aggregate demand. In other words the 

rate of employment stabilization goes along with an economy that does not converge 

towards full employment. 

The third hypothesis introduced in the model corresponds to the entrepreneurs’ 

attempts to adjust investment in order to restore the normal (or desired) rate of 

capacity utilization. As is well known, such assumption has been removed from 

Keynesian long-run equilibrium models because it generates knife-edge instability. But 

this entrepreneurs’ behavior is so natural that the theory is weakened if it remains 

neglected. However, Allain (2015) has shown that knife-edge instability can be 

eliminated by the stabilizing properties of the supermultiplier. We follow the same track 

here and confirm the outcome: the attempts to adjust investment not only do not 

degenerate in instability but enable to restore the normal rate of capacity utilization. 
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In summary, we have shown that the introduction, in a Kaleckian model, of a distributive 

device that guarantees the subsistence level of consumption for unemployed population 

offers a simple, simultaneous solution to the two Harrodian instability problems. 

Of course, the model could be improved in many ways, the main one being the inclusion 

of technical progress. 

7. Appendix 

The unique solution of the system (26) is given by equations (27) to (30). The local 

stability conditions depend on the dynamics of both 𝛾 and 𝜂. These conditions can be 

analysed by means of the Jacobian matrix which (after linearization) is given by: 

 𝐽 = (

𝜕�̇�

𝜕𝜂

𝜕�̇�

𝜕𝛾

𝜕�̇�

𝜕𝜂

𝜕�̇�

𝜕𝛾

) = (
−

𝛾𝑧

𝐷
(𝑧𝑛𝐷 − 𝐵) − (

𝐷𝑧𝑛−𝐵

𝐴
) (1 + 𝛾𝑧

1

𝐷
)

𝜓𝛾𝑧
𝐴

𝐷
𝜓𝛾𝑧

1

𝐷

).  (31) 

where 𝐴 = (1 − 𝛼)𝛼0, 𝐵 = 𝑛 − 𝛾𝑧𝑧𝑛 and 𝐷 = 1 − 𝛼(1 − 𝜋) − 𝛾𝑧. For the equilibrium to 

be stable, the matrix determinant must be positive whereas the trace must be negative. 

The determinant is: 

 𝐷𝐸𝑇(𝐽) =
𝜓𝛾𝑧(𝑧𝑛𝐷−𝐵)

𝐷
, (32) 

where 𝐷 > 0 and 𝑧𝑛𝐷 − 𝐵 > 0 respectively because of the conditions (C2) and (C6). The 

determinant is therefore positive. On the other hand, the trace is given by: 

 𝑇𝑅(𝐽) = −
𝛾𝑧

𝐷
[𝑧𝑛𝐷 − 𝐵 − 𝜓]. (33) 

It can therefore be deduced that: 

 𝑇𝑟(𝐽) < 0  ⇔   𝜓 < [1 − 𝛼(1 − 𝜋)]𝑧𝑛 − 𝑛. (C6) 

In summary, C6 must be fulfilled for the system to converge  towards the steady-state 

equilibrium. Otherwise, the dynamics degenerates in knife-edge instability. 
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9. Tables 

Table 1. Comparative statistics assuming that (C1) is fulfilled (𝒘𝒆 > 𝜶𝟎) 

a. Short-run equilibrium (𝜼 =
𝑵

𝑲
 and 𝜸 are exogenous) 

 𝜸 𝝅 𝜶 𝜶𝟎 𝜸𝒛 𝒛𝒏 𝜼 𝒏 
 𝒛∗ + – + + + / – – +  
𝒈∗ + – + + + / – – +  
𝒆∗ + – + + + / – – –  

b. Medium-run equilibrium (𝜼 is endogenous but 𝜸 is exogenous) 
𝒛∗∗ – 0 0 0 – +  + 
𝒈∗∗ 0 0 0 0 0 0  + 
𝜼∗∗ – + – – – +  + 
𝒆∗∗ + – + + + –  – 

c. Long-run equilibrium (𝜼 and 𝜸 are endogenous) 
𝒛∗∗∗  0 0 0 0 +  0 
𝜸∗∗∗  0 0 0 0 0  + 
𝒈∗∗∗  0 0 0 0 0  + 
𝜼∗∗∗  + – – 0 +  – 
𝒆∗∗∗  – + + 0 –  + 

 

 


