
 
1 
 

Growth, Income Distribution and 

Autonomous Public Expenditures 

Olivier Allain 

Université Paris Descartes, Sorbonne Paris Cité, & Centre d’Economie de la Sorbonne 

Mail address: olivier.allain@parisdescartes.fr 
16th Conference of the Research Network Macroeconomics and Macroeconomic Policies 

(FMM) – The State of Economics after the Crisis – 25 - 27 October 2012, Berlin 

Fourth version 

Abstract. We present a Kaleckian model which is enriched by introducing autonomous public 
expenditures growing at an exogenous rate. We show that the usual properties are not affected 
in the short run: an increase in the profit share thus causes a decrease in the rate of capital 
accumulation (growth is wage-led). But long run properties are strongly affected: public 
expenditures play a role of automatic stabilizer such that accumulation rate converges toward 
the growth rate of public expenditures. The effect of a change in income distribution on the 
growth rate is then only transient. However, the impacts on the variables in level (output, 
capital stock, labor…) remain permanent. We also show that this theoretical framework can 
provide a solution (depending on the parameters) to the ‘second’ Harrod knife-edge problem. 
In this case, Kaleckian outcomes are consistent with the convergence of the current utilization 
rate toward the ‘normal’ one, a result which has not been achieved in the existing literature. 
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1. Introduction  

The aim of this paper is to contribute to the intense debates about the long run properties of 
income distribution and growth models. These models rest on three fundamental hypotheses. 
Firstly, they are demand restricted, taking up the Keynesian effective demand principle. 
Secondly, national income distribution is supposed to affect economic activity since the 
propensity to save out of wages is lower than the propensity to save out of profits. Thirdly, 
investment is assumed to be partly exogenous and partly endogenous, depending on capacity 
utilization as well as on profitability. 

While there can be a consensus on the short run properties of these models (the paradox of 
thrift occurs and economic growth can be wage-led), oppositions can be drawn in the long run 
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between three strands of thought. In Kaleckian models1 the short run properties persist in the 
long run.   

ose which keep the short run properties and those for which some short run properties are 
reversed (mainly growth becoming profit-led). The former are known as while the latter may 
be Cambridgian or Marxian2. The key point behind this opposition is the pattern of the 
utilization rate of capacity. For Cambridgian or Marxian economists, this rate must converge 
in the long run toward the normal rate. For the Kaleckian economists on the contrary, the 
utilization rate remains endogenous: there is then a remaining gap between the current and 
normal utilization rates, except if the latter converges toward the former.  

In summary, either long run growth is wage-led but the utilization rate can’t converge toward 
the normal one, or the utilization rate converges toward the normal one but growth must be 
profit-led. 

The debates have recently taken a new turn with the use of empirical arguments. In short, 
utilization rate data often show a greater stability than it is expected after reading Kaleckian 
models3. Of course, these empirical arguments are open to the criticisms. But they already 
give rise to the question whether it is possible to formally combine Kaleckian results in the 
long run with a rate of capacity utilization converging toward the normal one. The present 
paper is a step in this direction. 

We present a Kaleckian model which is just amended in order to introduce, near the 
autonomous component related to investment, another autonomous demand component 
characterized by its own growth rate. Such amendment has not really been taken into account 
in the literature: for instance, government expenditures or public deficit are assumed to be 
proportional with the capital stock and then to grow at the same rate4; and when exports are 
introduced, they are partly autonomous, but the results of the models don’t fully take into 
account the consequences of this exogeneity5. 

Of course, the model conclusions may differ depending on the nature of the autonomous 
demand component that is taken into account and the source of its financing. In this paper, we 
introduce autonomous public expenditures growing at an exogenous rate. Because of the 
complexity of the issue of debt interests, we assume for sake of simplicity that government 

                                                 
1 See Allain [2009], Blecker [2002], Dutt [2011], Hein et al. [2011, 2012], or Sawyer [2012] for 

recent contributions and surveys. 
2 The distinction between these currents of thought is beyond the scope of this article (see for 

instance Lavoie [2012]). What they have in common (from the point of view of the present paper) is 
that the current utilization rate converges toward the normal one in the long run. Some of these models 
are briefly presented further in the text. 

3 See Allain and Canry [2008], Nikiforos [2011], or Skott [2010, 2012]. See also Dallery [2007] 
who questions the stability of Kaleckian models through a simulation approach.  

4 See Blecker [2002], Commendatore et al. [2005], Sawyer [2012] or also You and Dutt [1996]. 
Lavoie [2000] assuming exogenous public expenditures is an exception but he himself limits its 
analysis to the short run whereas we address the long run issues. See also Chatelain [2010]. 

5 See Blecker [1998, 2002, 2011]. His 1998’s model in particular is explicitly built on the 
contradictory assumptions that exports and national income growth rates may differ from each other, 
but that the share of exports in national income remains unchanged. That is the kind of contradiction 
we tackle in this paper. However, open economies address specific issues which will be analyzed in 
further researches. 
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endogenously adjusts the tax rate in order to preserve the budget balance6. That is to say that 
emphasis is put on the impact of the autonomous demand component rather than on fiscal 
policy issues. 

Our model leads to two important and original outcomes. The first one is that the rate of 
growth of public expenditures plays a stabilizer role on the rate of accumulation. The 
mechanism relates to the share of public expenditures in aggregate demand: a rise in the profit 
share results in a decrease of both utilization and growth rates in the short run; but it also 
results in an increase in the public expenditures’ share which exerts a pressure both on the rate 
of utilization and on the propensity to save; then a turnaround of the utilization and growth 
rates. Eventually, it is the accumulation rate which adjusts to the rate of growth of public 
expenditures. However, although the impact on growth vanishes in the long run, their 
occurrence in the short run causes permanent effects on the variables in level (output, capital 
stock, labor, etc.). A rise in the profit share induces negative effects on economic activity, as 
in the canonical Kaleckian model, even if the long run rate of growth of capacity is not 
affected. 

The second result is that our model can provide a solution to the ‘second’ Harrod knife-edge 
problem. We assume entrepreneurs react to the gap between the current and normal rates of 
capacity utilization by adjusting their rate of accumulation. As it is well known, such behavior 
in a demand constraint model usually generates instability (the ‘second’ Harrod problem). On 
the contrary, it can be shown in our framework (and depending on the parameters) that this 
entrepreneurs’ behavior could be necessary in order for the current utilization rate to converge 
toward the normal rate. The intuition behind is that instability is more than offset by the 
stability resulting from the first mechanism. As a consequence, Kaleckian outcomes can be 
consistent with the convergence of the current utilization rate toward the ‘normal’ one, a 
result which has not been achieved in the existing literature. 

Section 2 is devoted to the canonical Kaleckian model with endogenous public expenditures 
and a balanced public budget constraint hypothesis. It includes a discussion about the long run 
equilibrium with a special focus on Harrod knife-edge instability problem. The model with 
autonomous public expenditures is presented in section 3 where a distinction is made between 
short run (goods market equilibrium), medium run (stability of the share of public 
expenditures), and long run (convergence of the current rate of capacity utilization toward the 
normal one). A brief comparison between this model and Serrano’s Sraffian supermultiplier 
(Serrano [1995a, 1995b]) is proposed in Section 4. 

2. The canonical Kaleckian model with endogenous public expenditures 
and a balanced public budget constraint hypothesis 

2.1. Model resolution and economic interpretation 

Let us suppose a closed economy whose aggregate production function is given by: 

�� � ��� � ���� , 
where Yt, Lt and Kt correspond to production volume, labor input and capital stock; q is the 
fixed labor productivity coefficient, and ut the current utilization rate of capacity. Aggregate 
demand (���) is given by: 

                                                 
6 You and Dutt [1996] take the debt dynamics into account but in a model where public 

expenditures are endogenous. 
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��� � 	� 
 �� 
 ��, 
where Ct, It and Gt represent consumption, investment and public expenditures. Public 
expenditures are assumed to be related to consumption rather than accumulation. They are 
represented by: 

�� � ��, 
Tax revenue results from an income tax whose rate (τ) is supposed to be the same for wages 
and profits: 

�� � ���. 
Of course, under a balanced public budget constraint hypothesis, we have  � �7. In addition, 
workers are supposed to consume their whole wages. Consumption and savings are then given 
by: 

	� � �1 � ���1 � ������, �� � �1 � �������, 
where π is the profit share and sπ the propensity to save out of profits. Finally, noting un the 
‘normal’ rate of capacity utilization from the entrepreneurs’ point of view, the investment 
function can be written: 

�� � �� 
 ����� � ������, 
where �� corresponds to the sensibility of the rate of capital accumulation (��� � �� ��⁄ ) to 
the gap between the current and normal utilization rates. Of course, �� � ��, results in ��� � �. As a consequence, the � parameter can be understood as the average firms’ 
expectation of the secular rate of growth (subject to animal spirits)8. Let us rewrite this 
function as: 

�� � ���� 
 �� � �������. 
It clearly appears that all the aggregate demand components are endogenous, but the fraction 
of capital accumulation which relates on the existing capital stock �� � �����. 

Substituting Ct, It and Gt in the aggregate demand function and solving gives the goods 
market equilibrium utilization rate9: 

��! � "#"$�%�&#'�()�#"$. 

The equilibrium rate of accumulation is then: 

���! � � 
 �����! � ���, 

and the after-tax rate of profit: 

*�! � �1 � �����!. 
These are the main results of the canonical Kaleckian model. The main comparative static 
results are reported in Table 1. Every column give the qualitative impact that a change in a 

                                                 
7 See You and Dutt [1996] for a model which takes public deficit and debt into account. 
8 For sake of simplicity and without loss of generality, profitability is not included in the 

investment function. 
9 The Keynesian stability condition is supposed to hold, that is �1 � ����� � �� + 0. As a 

consequence, ��! numerator must also be positive (� � ���� + 0) for the rate of capacity utilization to 
be positive. 
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given parameter (in columns) has on the short run equilibrium value of the endogenous 
variables ��!, ��! and *�! (in rows). 

Table 1. Canonical model impact effects 
 γ sπ π τ 

 ��! + – 
(paradox of thrift) 

– 
(stagnationism) 

+ 

 ��! + 
(animal spirits) 

– – 
(wage-led growth) 

+ 

 *�! + – – 
(paradox of costs) 

+ 

 

More optimistic entrepreneurs’ expectations (animal spirits) increase both activity and 
growth. A rise in the capitalists’ propensity to save weights consumption down, and then 
results in a cut in the rate of utilization (paradox of thrift). For its part, a rise in profit share 
causes a decline of activity and growth (stagnationist regime and wage-led economics growth) 
because it increases savings and reduces consumption. In addition, the Kaleckian model is 
such that a rise in π induces a proportionally higher cut in the utilization rate and, 
consequently, a decrease in the after-tax rate of profit. As a consequence, the rise in π is 
detrimental to capitalists as it is to workers (paradox of costs). Eventually, in accordance with 
the Haavelmo theorem, a balanced growth of public expenses has a positive impact on 
economic activity and growth. 

2.2. The rate of capacity utilization in the long-run 

As the equilibrium utilization rate ��! only depends on exogenous parameters, there is no 
guarantee about the equality ��! and un. How could the current rate go back to its normal 
value? Intuitively, it can be expected that entrepreneurs adjust their expected secular rate of 
growth (� becomes ��). Starting from the accumulation function and assuming ut =  un, it 
comes that: 

���|�% . � ��, 
so that: 

���! � ���|�% . � �����! � ���. 

The adjustment function then should be: 

�/� � 0�����! � ���, 

with  0 + 0. But, as it is well known, such behavior makes worse the situation because 2�/� 2��⁄ + 0: a fall in ��! results in a decrease of �� which induces another fall in ��!, etc. It is 
the Harrod knife-edge problem. Literature proposes other mechanisms that are here briefly 
surveyed, focusing on the long run responses to a rise in the profit share10. 

In the early Cambridge models (Robinson [1956, 1962], Kaldor [1955-56, 1957]), the 
convergence between the current and normal rates of capacity utilization results from a price 
mechanism: entrepreneurs react to a fall in ��! by decreasing goods prices via a cut in their 
profit margins. That allows an increase of aggregate demand and the restoration of un. In this 
framework, utilization rate and profit share go hand in hand, as in a profit-led model, albeit 
income distribution is endogenous in the long run (while it is exogenous in the short run). 

                                                 
10 See Hein et al. [2011]. 
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Another solution had been proposed by Duménil and Lévy [1999] who introduce the interest 
rate in the accumulation function and assume central banks have a goal in term of economic 
activity: monetary authorities react to a fall in ��! by diminishing the interest rate because 
there is no risk of inflation. This policy boosts investment, there is a rise in aggregate demand 
and the utilization rate is brought back to its normal value. Eventually, the combination of a 
higher π, ��! = un, and a lower interest rate transforms the wage-led short run model in a 
profit-led long run model. 

According to Skott [2010, 2012], the model may suffer from locally Harrodian instability. 
However, the entrepreneurs’ behavior is finally supposed to restore stability: the fall in ��! 
leads to an increase of unemployment. When unemployment is sufficiently high, 
entrepreneurs start accumulating capital again because they can easily hire workers to work 
on new equipment (formally, there is a rise in γ). In the opposite, an increase in ��! makes it 
difficult for firms to hire workers, then a decline in accumulation (a fall in γ). This mechanism 
gives rise to a limit cycle around a steady growth path which rests on labor supply growth. 

For its part, Shaikh [2007] makes a distinction between retained earnings and households’ 
savings. He also assumes that the retention ratio of firms (that is the share of retained profits) 
positively depends on the gap between the current and normal utilization rates. In this 
framework, a fall in ��! leads to a decrease of the retention ratio, and then to a decline of the 
global propensity to save. The rise of aggregate demand brought back ��! to its normal value. 
Eventually, as for Duménil and Lévy, the wage-led short run model becomes a profit-led long 
run model. 

In another article, Shaikh [2009] focuses on the accumulation function where the � parameter 
is replaced by the rate of growth of expected demand which is assumed to be perfectly 
foresight by entrepreneurs (that is with zero-mean errors). Perfect foresights combined with 
an accumulation process in order to come back to the normal rate of capacity utilization 
provide a stable adjustment around the Harrod warranted path. As a result, paradoxes of thrift 
and costs occur in the short run but they reverse in the long run. 

At this stage, it is interesting to come back to the Kaleckian authors to precise their position 
according to the long run rate of capacity utilization11. Three main directions have been 
proposed. The first one is to question either the uniqueness of the normal utilization rate 
(preferring the idea of a corridor of stability), or the pertinence of long run analysis 
(preferring medium run or provisional equilibria). A second approach consists in assuming 
firms have multiple targets the realization of which may be mutually exclusive. As a result, 
entrepreneurs have to accept a lasting gap between ��! and un (Dallery and van Treeck 
[2011]). The third direction is to reverse the way of convergence: Lavoie [1996, p. 127] for 
instance assumes entrepreneurs have an adaptative behavior, setting the normal rate of 
capacity utilization according to past conventions and recent experience. 

In summary, either long run growth is wage-led but the current utilization rate can’t converge 
toward the normal one, or the utilization rate converges toward the normal one but growth 
must be profit-led12. In latter models, some short run outcomes (growth is wage-led) are 
reversed in the long run (growth becomes profit-led); and what appears to be a good policy 
(wages expansion) turn out to be a bad one. 

                                                 
11 See Hein et al. [2012]. 
12 The only exception is Skott [2010, 2012] whose model exhibits a cycle around a steady growth 

path.  
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3. The introduction of autonomous public expenditures 

The introduction of autonomous public expenditures makes it necessary to distinguish 
between three equilibria. Short run corresponds to the goods market equilibrium. But the 
share of public expenditures in aggregate demand (or in capital stock) is not necessarily stable 
in the short run; it will be shown that this share converges toward a position of rest which we 
call the medium run equilibrium. However, the current and normal rates of capacity utilization 
may differ at this stage. We then analyze the impact of entrepreneurs’ behavior adjusting their 
accumulation rate in order to fill the gap between the two utilization rates. We have shown in 
the previous section that such a behavior leads to instability (the Harrod knife-edge problem). 
We will show here that, depending on the parameters, this behavior can induce the 
convergence toward the normal rate of capacity utilization; that is our long run equilibrium. 
These three equilibria are analyzed in three distinct sub-sections. A fourth sub-section is 
devoted to a comparison between our analysis with the Sraffian supermultiplier. 

3.1. The short run equilibrium 

In the previous section, public expenditures were assumed to be completely endogenous 
which a strong hypothesis is. Indeed, these expenditures can be expected to be partly 
autonomous. But the mix of autonomous and endogenous components raises formal 
difficulties about deficit and debt issues. We consequently assume completely autonomous 
public expenditures, growing at an exogenous rate α, that is: 

�� � �345�. 
Tax revenue is specified as before, but now the tax rate must be endogenous in order to 
balance the public budget: 

�� � 678�8 , 

where 9:� � :;<=8
�8 . 

Taking these amendments into account, savings and accumulation respectively become: 

�( � >8�8 � ��� � 9:�����, 

�? � @8�8 � � 
 ����� � ���, 

where the after-tax rate of profit is now *� � ��� � 9:���. Let us emphasize that the average 
firms’ expected secular rate of growth (γ) may differ from the rate of growth of public 
expenditures (α). The short run goods market equilibrium is then given by13: 

��! � Φ�� � ���� 
 ���9:��, 

where Φ � ���� � ���#& is the Keynesian multiplier. We also have: 

���! � � 
 �����! � ���. 

                                                 
13 The Keynesian stability condition is still supposed to hold, that is ��� � �� + 0. As a 

consequence, the numerator must also be positive (� � ���� 
 ���9:� + 0) for the rate of capacity 
utilization to be positive. Note that this constraint is less restrictive than in the previous formulation 
because the expression � � ���� can now be negative. 
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The comparative static results are reported in Table 2. Note that the sign of the derivatives 
with regard to sπ and π is that of 9:� � ��!.14. We suppose here that 9:� � ��! B 0, which is 
consistent with the results of the following sub-section. In summary, the short run equilibrium 
presents the same results than the canonical Kaleckian model. 

Table 2. Short run impact effects 
 γ sπ π α 

 ��! + – – 0 
 ��! + – – 0 
 ��! – + + 0 
 *�! + – – 0 

  Assuming 9:� � ��! B 0  
 

3.2. The medium run equilibrium 

The crucial point of the model is that the short run equilibrium (��!) is not only composed by 
exogenous parameters. It now includes the variable λGt which varies as soon as the 
accumulation rate differs from the rate of growth of public expenditures (α). It is then 
necessary to make a distinction between ��! which only relates to the goods market 
equilibrium and ��!! which also relates to a position of rest (9/:� � 0) where15: 

9/:� � 9:��C � ���! �. 

The medium run equilibrium ���!!, 9:�!! � is then the solution of the system: 

E��! � Φ�� � ���� 
 ���9:��9:��C � ���! � � 0 .   
The second equation has two solutions, one of which being 9:�~ � 0 inducing ��~ �Φ�� � �����. This solution brings back the analysis to the canonical Kaleckian model which 
has here little interest. 

On the other hand, solving the system for a positive 9:� results in: 

��!! � 5#"
"$ 
 ��, 

and: 

9:�!! � ��!! � 5
()�. 

The signs of 9:�!!  and ��!! being a matter of parameters, we thereafter assume that the 
equilibrium has significant positive values from an economic point of view. In addition, the 
resulting accumulation, tax and after-tax profit rates are given by: 

���!! � C, 

��!! � 1 � 5
()��8!!, 

*�!! � 5
(). 

                                                 
14 Actually, G��! G��⁄ � �9:� � ��!�� ���� � ���⁄  and G��! G�⁄ � �9:� � ��!��� ���� � ���⁄ . 
15 Let us remind that the rate of capacity utilization is assumed to adjust instantaneously at every 

period in order to preserve the goods market equilibrium. 
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The stability conditions depend on the first and second derivatives of the public expenditures’ 
share: 

�6/ 78�678 � C � Φ����� � ����� � 2Φ�����9:�, 
�I6/ 78�678I � �2Φ����� B 0. 

The second derivative being negative, the function 9/:��9:�� is an inverted u-shaped 
relationship with two roots (9:�~ � 0 and 9:�!! ). The condition for 9:�!!  to be both positive and 
stable is that the first derivative is positive for 9:� � 0: 

.J6/ 78J678K678L3 � C � Φ����� � �����. 

Assuming this condition holds16, economics monotonically converges toward its stable long 
run equilibrium ���!!, 9:�!! �. An important property of the model is that 9:�!! B ��!!, which 
confirms the short run outcomes in Table 2. 

The comparative static results in Table 3 deserve attention because some of them seem at 
odds with Kaleckian results. Actually, they are not. We will argue that they might be a 
faithful extension to the short run Kaleckian model. 

Table 3. Medium run impact effects 
 γ sπ π α 

 9:�!!  – + + + 
 ��!! – 0 0 + 
 ��!! 0 0 0 + 
 ��!! – + + – 
 *�!! 0 – 0 + 

 

The next figures help to explain the underlying mechanisms. The goods market equilibria 
correspond to the intersections between the two straight lines representing capital 
accumulation (gi) and savings (gs). The initial short run equilibrium (E0) is assumed to be a 
position of rest (��� � C). Let us suppose an increase in the profit share (π). This change will 
have distinct effects in short and medium run. 

In the short run (Figure 1), the rise in π leads to a counterclockwise rotation and a downward 
shift of the intercept of gs. The equilibrium moves to E1. As in the canonical model there is a 
decrease of u and gK. 

                                                 
16 It is not a too restrictive assumption since � can be negative. 



O. Allain: Growth, Income Distribution and Autonomous Public Expenditures 
16th Conference of the Research Network Macroeconomics and Macroeconomic Policies (FMM), October 2012, Berlin 

 10 

Figure 1. Short run impact of a rise in π 

 

But this solution is not stable because gK1 < α. There is then a rise in the public expenditures 
share (λG) which supports aggregate demand and reduces savings. More precisely, a portion 
of profits which was intended for capitalists’ saving is now redirected toward public 
expenditures via the increase of the endogenous tax rate: gs shifts downward on Figure 2, until 
the economy finds once again a position of rest in E0. 

Figure 2. Medium run impact of a rise in π 

 

Eventually, the main result is that the negative effects on capacity utilization and economic 
growth vanish in the medium run. Does it mean that the rise in the profit share has no impact 
in the medium run? Actually, the answer is no. Let us look at Figure 3 to be convinced. The 
normal straight line represents the temporal evolution of output assuming there is no shock on 
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π. The bold straight line represents the evolution of capital stock assuming an increase in π at 
time t0. In the medium run, the economic growth rate is brought back to α. But this rate is 
temporary lower than α. The output level thus remains permanently lower than it would have 
been with an unchanging profit share. In this sense, the medium run analysis doesn’t 
contradict the short run one. The model is thus consistent with other Kaleckian models for 
which, in addition, the growth rate is durably affected (dashed line). On the opposite, the 
profit-led model (mixed line) leads to positive medium run effects on the output level despite 
temporary short run negative effects. 

Figure 3. Short and medium run impacts of a rise in π 

 

Of course, the rise in the profit share causes an increase in the before-tax rate of profit (���!). 
But it is entirely offset by the rise in tax rate (resulting from the increase in λG), therefore an 
after-tax rate of profit which is brought back to its initial value. 

Finally, public expenditures play a role of ‘growth automatic stabilizer’ although there is no 
public deficit (whereas automatic stabilizers usually rest on public deficit variations 
depending on tax income being more endogenous than expenditures). Stabilization here 
comes from tax rate adjustments which makes it possible to transfer some income from 
capitalists’ saving to public expenditures, or conversely. Moreover, stabilization doesn’t apply 
to the production level which is permanently affected by exogenous shocks; stabilization only 
applies to the rate of capital accumulation which is brought back toward α in the long run. 
Note that a higher α has a positive impact on every endogenous variable, even on the profit 
rate thanks to public expenditures supporting activity. 

3.3. The long run equilibrium 

In the medium run, the rate of capacity utilization ��!! may differ from the normal rate un. The 
last step consists in introducing the above ‘Harrodian mechanism’ assuming firms adjust their 
accumulation rate (via ��) depending on the gap between the current and normal utilization 
rates (see above): 

��/ � 0�����! � ���. 

The long run equilibrium is therefore the solution of the system: 

t 

Models with no 
shock on π 

α 

Model with autonomous 
public expenditures 

α 

t0 

lnYt  
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MN
O��!! � 5#"8"$ 
 ��

9:�!! � ��!! � 5
()���!! � ��

.   
It results that: 

��!!! � ��, 9:�!!! � �� � 5 
()�, 

��!!! � C,  ���!!! � C, 

��!!! � 1 � 5
()��% *��!!! � 5 

(). 

The local stability conditions of this equilibrium depend on dynamics of both �� and 9:�. The 
former is based on the two partial derivatives: 

J"8/J678 � 0Φ�����, 

J"8/J"8 � 0Φ��. 

In the same way (but after linearization), the 9:� dynamics is given by: 

�6/ 78�678 � ���Φ������ � C�, 

J6/ 78J"8 � �Φ������ � C�. 

The stability can be analyzed by means of the Jacobian matrix which is: 

P 0Φ�� 0Φ������Φ������ � C� ���Φ������ � C�Q  

For the equilibrium to be stable, the matrix determinant must be positive whereas the trace 
must be negative. The determinant is: 

RS� � 0Φ�������� � C�. 

The sign of DET depends on the sign of the term in parentheses which is of course a matter of 
parameters. It can be positive as well as negative under reasonable economic assumptions. A 
negative determinant indicates a saddle point. We thereafter assume that DET > 0. Let us also 
underline that DET sign doesn’t depends on the value of 0.  

The trace is given by: 

�T � ���Φ������ � C � 0�. 

It can be deduced that: 

�T B 0 U 0~ B ����� � C  

In summary, assuming a positive determinant, the necessary condition for the system to 
converge toward its long run solution is that 0 B 0~. In addition, the system trajectory 
depends on the discriminant of its eigenvalues, that is: 

Δ � �TW � 4. RS�. 

It can be shown that: 

Δ � 0 U 0W � 2�1 
 Y�Ω0 
 ΩW � 0  
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where Ω � ����� � C and Y � W
["$. The roots of this quadratic function rest on the value of 

the 0 parameter: 

0& � Ω\�1 
 Y� � ]Y�2 
 Y�^, 
0W � Ω\�1 
 Y� 
 ]Y�2 
 Y�^. 

The terms in brackets being respectively lower and higher than unity, it comes that 0& B0~ B 0W. Assuming DET > 0, the results can then be summarized as follows (see the phase 
diagram17 in Figure 4): 

a. 0 B 0& ⇒ ∆ > 0 and TR < 0: 9:� and �� converge monotonically toward their long 
run equilibrium (stable node). 

b. 0& B 0 B 0~ ⇒ TR, ∆ < 0: 9:� and �� converge via damped oscillations (stable 
focus). 

c. 0 � 0~ ⇒ TR = 0 and ∆ < 0: oscillations are undamped (equilibrium is centre). 

d. 0~ B 0 B 0W ⇒ TR > 0 and ∆ < 0: the system diverges since 9:� and �� oscillations 
are unstable (unstable focus). 

e. 0W B 0 ⇒ TR, ∆ > 0: 9:� and �� monotonically diverges (unstable node). 

In sum, it is not possible to formulate a univocal conclusion. The best we can say is that there 
is some room for the system to converge toward its long run equilibrium. For this to happen, 
the 0 parameter has to be small but positive. In fact, a positive 0 is a necessary condition in 
order to solve the Harrod knife-edge problem while this condition generates instability in the 
existing literature. 

Figure 4. Dynamics of 9:� and �� (phase diagram). 

 

                                                 
17 Line (1) represents �/ � 0 U �� � ������ � 9:�� whereas line (2) represents 9/:� � 0 U �� �5[()� 
 ���� � ��9:�. It can be shown that the slope in absolute value is higher for (1) than for (2), 

and conversely for the intercepts. 

γ 

λG 

 λG
***  

(1) �/ � 0 

(2) 9/:� � 0 

γ***
 

E 

�/ + 0 and 9/:� B 0 

�/ B 0 and 9/:� + 0 �/ + 0  
and 9/:� + 0 

�/ B 0  
and 9/:� B 0 
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In the previous section, it has been shown that a rise in π leads to a permanent cut in both 
capital stock and output. Configuration (a) leads to the same outcomes. The rise in π causes a 
decrease in both ��! and ���! . As ��! B ��, entrepreneurs react in reducing ��. That induces 
another decrease in ���!  which slows down the equilibrium restoration (compared with the 
previous section) resulting from the increase in 9:�. The convergence being monotonically, 
capital stock and output are permanently lower than they should have been without an initial 
change in π. If the equilibrium is a center (configuration c), the accumulation rate ���!!! is also 
a center. Its decreases are offset by its increases, and conversely. Intuitively, both capital 
stock and output should oscillate around their initial path. As a consequence, the intermediary 
configuration (b) should show the same permanent cuts in capital stock and output than in 
configuration (a): the decreases in ���!  being not totally offset by its increases, capital stock 
and output stabilize on a lower path than the initial one. 

Eventually, assuming stable long run equilibrium, the comparative static results are presented 
in Table 4. 

Table 4. Long run impact effects 
 sπ π α 

 ��!!! 0 0 + 
 9:�!!! + + – 
 ��!!! 0 0 0 
 ��!!! 0 0 + 
 ��!!! + + – 
 *�!!! – 0 + 

 

In this framework, a change in saving or investment behaviors has no effect on the long run 
utilization and accumulation rates. As for the medium run, an increase in π (or in sπ) leads to a 
rise in the λG: more savings in the economy means a heighten share for public expenditures. 
In addition, a rise in the rate of growth of public expenditures still induces greater 
accumulation and profit rates. Interestingly, because of its multiplier effect on consumption 
and investment, the higher α reduces the share of public expenditures in aggregate demand. 

4. A comparison with Serrano’s Sraffian supermultiplier  

It is worth noting that the present model is close to Serrano’s Sraffian supermultiplier 
(Serrano [1995a, 1995b]). This supermultiplier also rests on the introduction of a non capacity 
generating autonomous demand component in a Keynesian framework. In Serrano’s model, 
this component isn’t public expenditures but the lump of capitalists’ consumption and the non 
capacity generating part of investment18. Its two main features are similar to those of the 
above long run equilibrium: (1) the actual rate of capacity utilization is equal to the normal (or 
planned) one (un), and (2) the rate of growth of capacity and output is equal to that of the 
autonomous component (α). As a result, a decrease of the marginal propensity to save (which 
can result from a cut in the profit share) “will have a positive long-run level (on capacity 

                                                 
18 In Serrano’s model, the autonomous component is wholly financed out of capital which is well-

founded when the autonomous component relates to capitalists expenses. But according Serrano 
[1995a, f.n.1], government expenditures or total exports could as well be taken into account. It seems 
however that such kind of developments necessitates some amendments in the model since 
government expenditures as well as exports are partly financed out of wages. 
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output), but will have no effect on the sustainable secular rate of growth of capacity” (Serrano 
[1995b]). 

A core point of Serrano is his enlighten analysis of the saving function properties: 

�( � ��� � 9:�����, 

where the marginal propensity to save (���) is exogenously given. According to Serrano, if 
the autonomous demand component is omitted (9:� � 0), any change in the rate of 
accumulation implies a change in the utilization rate. On the other hand, with the autonomous 
demand component, the adjustment could take place through 9:� rather than ut. It is then 
formally possible to combine saving adjustment with a rate of capacity utilization which 
remains at its normal level. But of course, what is possible is not necessarily what happens. 

Actually, in order for the utilization rate to remain at its normal level, Serrano has to assume 
that “firms as a whole correctly foresee the evolution of effective demand” (Serrano [1995b]), 
that is to say that the expected secular rate of growth (γ) must be (on the whole and on 
average) equal to the rate of growth of the autonomous component (α). On the contrary, “if 
expectations do happen to have a systematic bias in any direction then the actual path of the 
economy in the long run will move systematically away from the path formed by the 
corresponding sequence of long-period positions, causing the average actual degree of 
utilization to deviate persistently from the planned degree” (Serrano [1995a, p. 87]). 

Hence the question: which solution prevails? According to Serrano, it is the first one. But the 
author doesn’t propose any formal demonstration. He only refers to “the stylized fact that (…) 
there seems to be, on average, a remarkable balance between the long-run trends of 
productive capacity and aggregate demand” (Serrano [1995a, p. 68]). In other words, what 
should have been a result is actually an ad hoc assumption: Serrano assumes the long run 
equality between the current and normal rates of capacity utilization, which leads him to give 
priority to the conclusion that “firms as a whole correctly foresee the evolution of effective 
demand”. 

Furthermore, let us note that only a part of Serrano’s assertions are right. Indeed, the medium 
run equilibrium analyzed above where: 

��!! � 5#"
"$ 
 ��, and 

���!! � C, 

confirms that systematic bias in firms’ expectations (� _ C) prevents the actual utilization 
rate to converge toward the normal one. But these bias don’t prevent the rate of accumulation 
to converge toward α. 

Eventually and more fundamentally, Serrano’s supermultiplier model doesn’t pay attention 
enough to the model dynamics. Hence the intensive debate between Sraffian economists19. 
Focusing on dynamics allows to agree whith Trezzini [1998, p. 66] when he concludes, 
against Serrano, that “the determining role played by aggregate demand in the accumulation 
process will generally manifest itself in the variability of the average utilization of productive 
capacity and is therefore, even in the long run, incompatible with the assumption of normal 
utilization”. That is the outcome of the short and medium run equilibria of the present paper. 

However Serrano’s outcomes are consistent with those of our long run equilibrium, but 
Serrano must adopt the restrictive hypothesis that “firms as a whole correctly foresee the 
                                                 

19 See for instance De-Juan [2005], Palumbo and Trezzini [2001], Park [2000], Trezzini [1995, 
1998] or White [2006]. 
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evolution of effective demand” (Serrano [1995b]). Our hypothesis is less restrictive since the 
expected secular rate of growth (γ) can differ from the rate of growth of the autonomous 
component (α).The model dynamics shows how the divergence between the actual and 
normal rates of capacity utilization lead entrepreneurs to correct theirs expectations, and 
especially how this correction can restore the long run equilibrium whereas it is always 
connected with Harrodian instability. 

5. Conclusion 

This article presents a Kaleckian model including autonomous public expenditures growing at 
an exogenous rate. The only restrictive assumption was to suppose that tax rate adjusts for the 
public budget to remain balanced. The model confirms the well-known positive role of public 
expenditures on activity and growth.  

Moreover, we have shown that these expenditures play a role of automatic stabilizer on 
economic growth (rather than on the activity level). Changes in, say, capitalists’ propensity to 
save or in the profit share have a transient effect on growth: in the long run, the rate of capital 
accumulation is brought back to its initial value which is given by the exogenous rate of 
growth of public expenditures. The mechanism at stake is based on the endogenous tax rate 
adjustment which results in an income transfer between capitalists and government: a portion 
of profits which was intended for capitalists’ saving is now redirected toward public 
expenditures via the increase of the endogenous tax rate. However, the changes in propensity 
to save or in income distribution have permanent effects on capital and output levels; and 
these effects are in the same direction than in the Kaleckian models. 

We have then combined this automatic stabilizer mechanism with an entrepreneurs’ 
accumulation adjustment behavior which is well known for its instability property. We have 
shown that, depending on the parameters, the former mechanism can be strong enough in 
order to preserve the model stability and to provide a solution to the Harrod knife-edge 
problem. In that case, the current rate of capital utilization converges toward its normal value. 
In other words, contrary to the existing literature, economic growth has not to be profit-led for 
the current utilization rate to converge toward the normal one. 

Of course, since it depends on the parameters, this solution of the Harrod knife-edge problem 
remains fragile. But it opens a door that had never been opened before. 

In addition to the efforts in order to improve the robustness of our conclusions, this model 
could be enriched in at least two directions. Firstly, its realism should be improved by 
relaxing the no public deficit and endogenous tax rate hypotheses. But the task is not so easy 
because it will be necessary to include the interests paid to capitalists, and then to take into 
account another dynamics: that of the public debt. 

Secondly, the model could be extended to other autonomous demand components, especially 
to exports. Blecker [1998, 2002, 2011] among others developed the Kaleckian model in an 
open economy framework. But his models can’t highlight the role of exports as automatic 
stabilizer because the share of exports in aggregate demand is assumed to be exogenously 
given. Some further explorations about the potential role of exports as economic growth 
stabilizer should also refuel the debate between Kaleckian models and other post Keynesian 
models such as the export-led cumulative causation or the balance-of-payment constraint 
models20. 

                                                 
20 See Cornwall [1977] or Setterfield and Cornwall [2002] for the former and Thirlwall [1979] for 

the latter. See also Blecker [2010] for a critical survey of the two approaches. 
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Eventually, the above model doesn’t take account of labor market and unemployment. It thus 
provides no solution for the ‘first’ Harrod problem, except arguing that government sets the 
rate of growth of public expenditures in accordance with demographic growth in order to 
stabilize or eliminate unemployment. This question will deserve more attention in further 
researches. 
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